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ABSTRACT
This paper investigates an exchange economy in continuous time, where investors perceive
idiosyncratic cash flow risks through subjective expectation on firms’ cash flows to impact
equilibrium quantities. We empirically document that cash flow fluctuations are mainly id-
iosyncratic, and stocks with higher idiosyncratic cash flow risks have the higher belief dispersion
and larger book-to-market ratios. This mechanism helps explain a data-consistent equilibrium
cross section. The model implies that assets with higher cash flow volatilities and belief differ-
ences have higher expected returns, producing the value premium. A growth premium prevails
without belief dispersion. Furthermore, the model can generate a downward-sloping equity

term structure.
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I. Introduction

In this paper, we study a continuous-time asset pricing model that features heterogeneous
beliefs regarding idiosyncratic cash flows of firms. The model produces both time series and
cross section of stock returns consistent with data. This task is of critical importance in
developing a workhorse model of asset pricing, and the value premium anomaly illustrated

in Figurell] is a key issue in this enterprise for the following reasons.

[Insert Figure (1]

The cash flow risk, defined as the covariance between a firm’s cash flow and the aggre-
gate cash flow, plays an instrumental role in explaining the cross section of stock returns,
as emphasized in the literatureEl When prototypical asset pricing models produce a cross-
sectional return variation associated with cash flows, a puzzling feature arises in that these
models predict a growth premium that is opposite to the empirically observed value pre-
mium. Simply put, value stocks have a smaller risk premium in light of discount risk than
growth stocks, because value (growth) stocks tend to have the shorter (longer) cash flow
duration. Thus, economic models that explain the time series properties of market returns
struggle to match empirical cross-sectional return variations, as pointed out by
‘Wachter| (2007) and [Santos and Veronesi (2010). Related, Binsbergen, Brandt, and Koi-|
show that widely used, standard asset pricing models such as Bansal and Yaron|
(2004), |(Campbell and Cochrane| (1999), and generate either upward sloping

or flat equity term structures while the data show that the historical equity term structure

is downward sloping.
To justify the value premium, [Lettau and Wachter| (2007, 2011) let discount effect not

translate into the cross section. Thus, while investors do not fear stocks with long duration

cash flows that are subject to discount effect, they perceive stocks with short duration (value

TAbel (1999), @ (2009), and others study theoretical aspects. [Bansal, Dittmar, and Lundblad (2005),
Santos and Veronesi| (2006), Yang (2007), |(Cohen, Polk, and Vuolteenaho| (2009), [Campbell, Polk, and|
Vuolteenaho| (2010), and many others study empirical aspects of cash flow risks in the cross section of stock
returns. Notably several papers have tried to link cash flow risk and cash flow duration to cross-sectional
return variation. For instance, Campbell and Vuolteenaho (2004), Bansal, Dittmar, and Lundblad| (2005)),
Kiku| (2007), [Hansen, Heaton, and Li| (2008), |Zhang| (2005)), |[Lettau and Wachter| (2007), (2009), |[Santos
and Veronesi| (2010)), and |Choi, Johnson, Kim, and Nam| (2013) develop structural models that directly
associate cash flow risk or cash flow duration with book-to-market ratios and expected stock returns to this
end.




stocks) as riskier, because those assets interact with front-loaded cash flows; hence, value
stocks have higher expected returns. Alternatively, under the circumstance that growth
stocks have higher expected returns due to strong discount effect, |[Santos and Veronesi (2010)
counterfactually magnify the exposure to aggregate cash flow risk especially for value stocks:
since cash flow risk effect dominates discount effect in the cross section, it can undo the
growth premium.

To motivate our study, Table [I| displays the snapshots of cash flow risk reflected in the
decile portfolios sorted by the book-to-market ratio. The first row shows the overall sizes
of cash flow risk, proxied by the variance of dividend growth in each portfolio, the second
row refers to the covariances between individual dividend growth and the aggregate dividend
growth, and the third row reports sample variance of the residuals of individual dividend
growth netting out the effect from the aggregate dividend growth. The last row reports
analysts’ earnings forecast dispersion of the decile portfolio firms using the I/B/E/S data

set.

[Insert Table [

Table [[| states that the most of cash flow fluctuations come from the idiosyncratic com-
ponent, and the systematic risk exposures appear to be quite small to produce the data-
consistent value premium. Plus, value stocks have much higher idiosyncratic risk of cash
flow than growth stocks, and data tell that the dispersion in analyst forecasts on earnings
for the value firms are markedly higher. Previous studies find that value firms are subject to
higher distress risk and less room to grow. Taken together, it appears logical and reasonable
to model belief differences on firms’ idiosyncratic cash flow risks.

In this vein, we incorporate investors’ different beliefs into individual cash flow dynamics
with the following features. First, we model both aggregate and individual cash flow pro-
cesses consistently. For the aggregate cash flow process, we use an exogenous model that is
impacted by aggregate risk only. However, an individual firm’s cash flow process is subject
to idiosyncratic risk in addition to aggregate risk. The dynamics of the cash flow processes
(including idiosyncratic risk exposure) implies that our model is constructed such that in
the aggregate, idiosyncratic cash flow risks cancel out via quantities.

Second, we introduce investors’ heterogeneous beliefs into cash flow processes. The key

assumption is that investors have different opinions on the long-run mean of the cash flow



share process with respect to firm- or asset-specific risk§| This differs from the most of
the heterogeneous beliefs literature where investors update their perceptions of the drift
of underlying processes through aggregate risk. Since the market offers a sufficient num-
ber of assets to trade on these belief differences, idiosyncratic cash flow risk is priced in
equilibrium through belief differences. As a result, individual expected stock returns are
positively affected by idiosyncratic cash flow risk through belief differences, which is one of
our main resultsf| The higher the belief difference, the stronger the effect of idiosyncratic
cash flow risk on equilibrium stock returns. Individual equilibrium quantities are affected
by the model’s state variables that capture cash flows, investor preferences, and belief dif-
ferences. Cross-sectional return variations result from different exposures to these variables.
Thus, the theory connects firm characteristics and related investor behaviors to the cross-
section of stock returns. Quantitative study of our model reveals that the cross-sectional
return variation is largely attributed to the pricing of idiosyncratic cash flow risk in equilib-
rium. When belief differences are modeled in this way, we show that sorting assets based on
price-to-fundamental ratios endogenously picks up stocks with higher (idiosyncratic) cash
flow risk and higher degrees of belief differences in the cross section leading to the value
premium. Simulation experiments further support this claim in that our model produces a
growth premium if idiosyncratic cash flow risk is not priced when belief difference is turned
off, illustrating the importance of the belief difference channel.

The pricing of idiosyncratic cash flow risk through belief differences also helps explain
the downward sloping equity term structure, shown by Binsbergen, Brandt, and Koijen
(2012). To investigate the shape of equity term structure in our model, we compute the
cash flow duration using both a direct accounting method following |[Dechow, Sloan, and
Soliman| (2004) and an indirect method using the price elasticity with respect to the cash

flow. We find two distinctive features. First, regardless of the measures, value (growth)

2This assumption is similar to [Basak (2000) where investors have different beliefs about an extraneous
process unrelated to economic fundamentals. Similarly, [Ehling, Gallmeyer, Heyerdahl-Larsen, and Illeditsch
(2017) study how inflation disagreement can impact real quantities and prices.

JBabenko, Boguth, and Tserlukevich (2016|) show that in an option-theoretic setting, idiosyncratic cash
flow risk negatively affects equilibrium stock returns. High idiosyncratic cash flow shocks positively affect a
firm’s profit, which in turn increases the firm size. When the firm size increases, the price of risk, measured
by the CAPM beta, decreases so that the expected excess return decreases. On the other hand, |Cochrane,
Longstaff, and Santa-Clara) (2008)), Martin| (2013)), |Choi, Johnson, Kim, and Nam/ (2013)), and |Choi and Kim|
(2014) show that in an equilibrium setting, larger idiosyncratic cash flows can increase the market price of
risk because of under-diversification.



stocks have the shorter (longer) cash flow duration in our model. Second, assets with the
shorter (longer) cash flow duration have the higher (lower) expected returns since they have
higher (lower) idiosyncratic cash flow risk and larger (smaller) belief dispersion, featuring a
downward sloping equity term structure. Therefore, our economic mechanism by which the
value premium arises generates a downward sloping equity term structure as well.

The paper is organized as follows. Section 2 introduces our model. Section 3 provides the
economics of cash flow characteristics as well as the reason for high (low) belief difference
for value (growth) firms. Section 4 derives equilibrium and discusses rich implications of the
pricing of idiosyncratic cash flow risk via investors’ different beliefs. Section 5 shows and
discusses equity term structure. We provide proofs in appendix. Online appendix provides

data descriptions, and other supporting materials.

II. The Model

This section spells out the model, with preferences of investors, characteristics of cash

flows, and beliefs.

A. Investor Preference

The model assumes that investors hold a constant relative risk aversion utility function
with an external habit. Risk aversion is identical across investors for simplicity. Investor k’s

utility function is

w(en(t)) = ﬁ (;?Ei;) k=12 (IL1)

where X (t) represents a ratio habit as in |Abel (1989). The habit process X follows the form
of |Constantinides| (1990)), Detemple and Zapatero| (1991)), and Santos and Veronesi| (2010)):

t
X, =6 / e 0= D dr, (I1.2)
0



where D, is the aggregate cash flow. In particular, we use [Santos and Veronesi (2010)) by

defining the mean-reverting process, H; = (D;/X,)" ™ with dynamics

where hy > 0, hy > 0.

B.  Endowment
The aggregate cash flow is given by

dD
Et = ppdt + op 4dBal(t), (IL.4)

where dB4(t) represents aggregate Brownian risk. For simplicity, we assume that there are
two sectors or trees, called ”stocks” in our setting that are claims to distinct cash flows. For
the specification of the tree process, we follow Menzly, Santos, and Veronesi| (2004) by taking
the cash flow share process as exogenous to describe the relative movement of individual cash

flow processes in the economy.

Assumption 1. The share, s;, is defined as the individual cash flow (= Ds(t)) divided by
the aggregate cash flow (= D(t)). The process s; follows

ds; = gbs(g - St)dt + Sto-(st)dB:fa ¢s > 0, (115)

where

o (st) = (0,4(t), 0,,(1)),

O = Vg — S0 — (1-— St)v(l—s),j’ j=A1
dB; = (dBa(t),dB(t)),

¢s >0,

(I11.6)

where ¢y is the rate of mean reversion, s is the long run mean of the share of the asset under
consideration, B(t) and By(t) represent the aggregate Brownian risk and the idiosyncratic

Brownian risk respectively, and v ; and va_g); are the diffusion coefficients of individual



assets with share s; and share (1 — s;).

Assumption [I] states that a single asset cannot dominate the entire market in the long

run as shown in |Menzly, Santos, and Veronesi| (2004)). This stationarity enables us to analyze

the cross section of stock returns in the long run. This specification is a simple version of

Menzly, Santos, and Veronesi (2004) and [Santos and Veronesi (2010)), as we only consider

two stocks, driven by two risk exposures, i.e., aggregate risk and idiosyncratic risk to define
an individual cash flow process. An online appendix provides the details of the individual
cash flow share process. Given s;, the remaining process (1 — s;) is naturally defined as it
should make up the total market - market’s cash flow share is 1 - together with s;. Thus,
the process (1 — ;) is rather a redundant share process. In other words, when we introduce
assets in the market, we only need to consider the market and an asset with the share s; as

risky assets since the asset with (1 — s;) is naturally defined. We use this observation in the
later section [[LD] and ILEl

C. Belief Difference

This subsection introduces heterogeneous beliefs associated with cash flow share pro-
cesses. The importance of modeling investors’ heterogeneous beliefs is emphasized early by
Lintner| (1965), Miller| (1977)), and Harrison and Kreps| (1978). Later work studied the im-
pact of economic agents’ different beliefs about underlying fundamental economic processes
on equilibrium quantities. Detemple and Murthy| (1994)) study the effect of belief differ-
ences in a production economy. For exchange economies, key contributions include
(1998), Basak (2000), Basak| (2005)), |Jouini and Napp| (2007)), Gallmeyer and Hollifield (2008)),
David| (2008), [Dumas, Kurshev, and Uppal| (2009), Weinbaum| (2009) and Ehling, Gallmeyer,
Heyerdahl-Larsen, and Illeditschl (2017)). Similarly, we assume that investors have different

beliefs about the fundamental, i.e., the long-run mean of the cash flow share (s), which can

be viewed as a measure of growth potentials. The following assumption formalizes.

Assumption 2. Investors receive the same information about the underlying cash flow pro-

cesses including both aggregate and individual cash flow processes, but agree to disagree about

k

the long run mean of individual cash flow share processes, 3% . This induces investor-specific



tdiosyncratic risk shocks, B§ ). We write investors’ perceived share process as follows:

= ¢, (ﬁ - 1) dt + o, 4(t)dBa(t) + o, ,(t)dBM (1), (IL.7)

St

dSt

St

where k = 1,2 refers to the individual investors. Then, the innovation process By(t) is given

as
5 — 5k
dB§k) (t) = o dt + dBy(t), where k) = 9s(5 =57 I (IL.8)
Us,] (t)st
Note that nt(k) measures the difference between the true long run mean of the share and k-th

investor’s perceived long run mean of the share.

A theoretical foundation for the “agree-to-disagree” assumption appears in |Varian| (1985),
Harris and Raviv| (1993), Morris| (1994), and Morrig| (1996). Although Assumption 2 is sim-
ilar to the assumption of belief difference in aforementioned studies, there is a major dif-
ference: investors hold different beliefs on the long-run mean of the cash flow only through
idiosyncratic risk, and they agree to the impact of aggregate risk on individual cash flows.
Specifically, we assume that investors have disagreement in interpreting firm-specific infor-
mation rather than aggregate information because of their differences in education, cultural
background, expertise, cognitive capabilities, and etc. This assumption can be viewed as
a special form of rational inattention theory of |Sims| (2003) which asserts that investors’
information processing capacity is a scarce resourceﬂ In particular, a theory of rational
inattention suggests that economic agents process the most important information first, and
if they still have remaining information processing capacity, only then they deal with other
information that has (probably) less importance. If investors process aggregate or systematic
information first, then firm-specific information, and the assessment of the latter tends to
differ due to the scarcity of capacity to process information, our model shares the spirit of
rational inattention.

Although individual cash flow processes are subject to both aggregate and idiosyncratic

risks, the aggregate cash flow process has exposure only to aggregate risk. Thus, equation

4This result can be easily derived from the optimal filtering theory. For additional details, one can refer
to |Liptser and Shiryaev] (2001)).

9Hong, Stein, and Yul (2007) and Hong and Stein| (2007) provide in-depth discussions about this. For
other applications of rational inattention, see [Sims| (2006) and Xiong and Peng] (2006).



implies that in the aggregate, idiosyncratic risks are diversified away such that both
individual and aggregate cash flows are modeled consistently.

According to the definition of the share process s;, an individual cash flow process is
defined as the product of the share process and the aggregate dividend. By applying Ito’s

lemma to the product of s; and D;, we can write the perceived individual cash flow process

as:
dDg(t
D_(Ef)) = 1D @)dt + op, A($)dBA(t) + op_ ($)dBY (1) k= 1,2, (1L.9)
where
(F) (1) — 5 =CF =CF =CF
fip. (1) = pp + &5 S L)+ 27 = =57 — (1= s)Z0),
IT.10
op,alt) =0p 4+ 0, 4(t), ( )
UDS,I<t) = Us,f(t)a
where E¢F = v, 4.0 4, with j = s, (1—s). 2 is the unconditional covariance between the

share process and the aggregate cash flow process. We define Z¢*" as a fundamental cash flow

risk parameter following Menzly, Santos, and Veronesi (2004). ZF plays an important role
in our quantitative study, because it enables us to estimate individual cash flow parameters,

v, 4 and vg 7, and clarifies the magnitude of systematic cash flow risk in the cross sectionﬂ

D. The Market

This economy deals with two risky assets and one riskless asset. Without loss of generality,
we consider the market portfolio and an asset with the share process s; for the risky assets.
As mentioned earlier, an asset with the share (1 —s;) is redundant as it makes up the market
with an asset with the share s;. An asset with the share s; is referenced as an asset s, while

M denotes the market portfolio. The price process of the market portfolio is expressed as

APy + Dy

= fipy, ()t + 0p 4 (D)ABA(2). (IL.11)
Py

6Identification of individual cash flow risk parameters such as Vs, A, Vs, I, V(1—s),A aNd V(1_g) 1 is explained
in the Appendix.



Accordingly, the perceived price of asset s, denoted as P, is given by

dPs,t + Ds,t

> = 1B ()dt + op_4()dBA(t) + op_ (t)dBI (1) for k= 1,2, (11.12)
s,t

where
op, () s(5 — 5W)
Os,l (t)3<t) !

pip (t) = pp, () — (I1.13)

and, r; refers to the riskless rate of return.

E.  Equilibrium
Turning to the consumption-portfolio problem of an individual investor, investor k’s
wealth W) (t) evolves as

AW =W lry = G+ 7 O pp(t) = 1) + 7O @) (ulf) (1) = 70)] at

W [ (O palt) + 70 (00, 4(1)] dBa®) (I1.14)

W [P (Bor(0)] dB7 (8),
where €, is the consumption fraction of the k-th investor, ¢/ Wt(k). The quantities WJ(\Z)
and 7" are the k-th investor’s risky investment fractions of wealth in the market portfolio
and the asset that corresponds to the share process, s;. The riskless investment is defined as
bi(t) = 1—7?1(\? (1) — P (). Following |Dybvig and Huang| (1988), we impose a non-negativity
condition on the wealth process to rule out arbitrage strategies.

Investor-specific state price densities are specified as follows:
de™ = —® lrydt + 04(8)dBA(t) + 0 (0)dBP (1) for k=1,2, (11.15)

where 6, is the market price of aggregate risk and Qﬁk)s is the perceived market price of



idiosyncratic risk for investor k. By no arbitrage, the market prices of risks are:

0 (1) pp(t) — 1

)

OpA

- (I1.16)

k P, A k

01 (1) = | ——"204(0) + —— (up, —7) — ;"

Op,.1 Op,1
Thus, the following link exists between the two idiosyncratic market prices of risks:
1 2 2 1)

010 (1) — 07 (1) = P — 0" = 7. (IL.17)

Simply for convenience, we assume the second investor is always more optimistic than the

first one such that 5% is bigger than 5!, which leads to our next assumption.

Assumption 3. Belief difference exists in the economy. That is,

@ _m _ ¢EY -5

= - < 0.
Ui un un O_SJ (t)St

Assumption 3 simply states that agent 1 (2) is the pessimist (optimist), and the term, 7
represents the belief difference. Note that by definition, 7 is always negative, if there exists
belief difference.

Investors are assumed to be infinitely lived and the market is complete in our economy.
Thus, we can formulate an individual optimization problem using martingale methods as

follows:

max E®) { /0 h uk(ck(t))dt]

Ck

subject to (I1.18)

E®) { /0 h ¢® (t)ck(t)dt] < W®(0) = w, P(0),

where P(t) is the total wealth held by both investors at time ¢ since it is the value of the
market portfolio. Also note that WM (¢) + W®(¢) is the total wealth in the economy such
that it equals P(t). The quantity wy is the initial fraction of wealth held by investor k of
the market portfolio. From the maximization problem in , the optimality condition

10



for investor k’s consumption is given by:

where 1/ is the Lagrange multiplier for investor k’s optimal consumption-portfolio choice
problem and I(-) is the inverse of investor k’s utility function. From the static budget

constraint of investor k’s problem, we have:

~y—1

E®) fooo ERB X,V at
A = [ ikPM(O)} ] . (I1.20)

Then, equilibrium in this economy is defined as follows:

Definition 1. Given preferences, endowments, and beliefs structures, an equilibrium in this

. . . o+ (k) x (k) * . .
economy is a collection of allocations (ck, T 5T ,bk> and a supporting price system
k=1,2

«  x () x (k) * . , ,
<r, Lp, u}’?, Op, O'Ps> such that 1) (ck, Ty 5T ,bk> optimally solves investor k’s consumption-

portfolio choice problem given his/her perceived price processes, 2) security prices are con-

sistent across investors, and 3) all markets clear fort € [0,T):

&) =D, S w1 =0, 57w =o. (IL.21)

k=1 k=1 k=1

III. Cash Flow Risks and Belief Difference

Quantitative analyses of the model require the estimates of the parameters describing
cash flow dynamics and the difference in beliefs. This section reports parameter estimates
in equations and to discuss cash flow dynamics. In so doing, we focus on the
cash flow share ratio. Details of the data and estimation method are in the Appendix.

The key parameters in cash flow dynamics are estimated by the maximum likelihood

method, and other statistics such as average share ratio, (Avg(s/s;)), and the coefficient of

11



variation, C'V(s;) (the ratio of the standard deviation of the share to its mean) are directly
measured, following their definitions. Tables [[I] and [[TI] display the estimates of various
cash flow characteristics including risk parameters and belief differences. In Table [T, Panel
A shows the estimation result without I/B/E/S data, and Panel B shows the result with
I/B/E/S data to show the degree of belief difference in the cross section.

[Insert Table [II]

Table [[] indicates that growth firms have a higher long-run mean of the share, 3, than
value firms. This is plausible since the long-run mean of the share represents a firm’s long-run
growth, measuring how well a firm is expected to perform in terms of total payout. Coherent
with the labels of value and growth firms, a growth firm may have a higher long-run mean
of the cash flow share than a value firm. How about the conditional expected growth in cash
flow share or Ey(ds;/s;)? From the equation (ILF), Ey(ds¢/s:) = ¢s(5/s; — 1)dt holds. Thus,
both the share ratio (5/s;) and the mean reversion (¢,) matter to measure the expected
growth of payout. Table [lI] illustrates that the estimate of the share ratio, s/s;, is higher
in value firms than growth firms. To check the robustness of this observation, we measure
several different estimates of the share ratio in value deciles: the average of the share ratio
over time, the quantile values of the share ratio, and the average of the share ratio in each
quantile group. Table |[1I] shows that the share ratios of value stocks are still higher than

those of growth stocks in all cases.

[Insert Table

If §/s; is interpreted only as the cash flow growth (as in the case of time series), then the
result appears to be counterintuitive in that the value stocks are associated with a longer
distance between s and s;, suggesting a higher share growth.ﬂ However, if the share ratio
also reflects a firm’s relative performance measure in terms of the total payout, then a bigger
value of share ratio can result from a lower value of the current share (s;), which is a source

of risk. Because it is well known that value firms tend to be distressed and risky (e.g., [Fama

"This is consistent with a recent empirical finding when the share ratio is used as the expected cash flow
growth. |Chen| (2017)) indicates that the value portfolio has higher cash flow growth rate than the growth
portfolio in many cases. |Lakonishok, Shleifer, and Vishny| (2013)) also provides a similar implication.

12



and French| (1992)), [Zhang (2005) and |Choi, Johnson, Kim, and Nam| (2013))), value firms’
current earnings can be much lower than their long-run means than those of growth firms,
leading to the higher share ratios. Although our finding that value (growth) stocks have high
(low) share ratios runs counter to conventional wisdom, it is robust and yields an important
implication for the risk-return trade off in the cross section, going forward.

Second, the mean reversion coefficient, ¢, accounts for the different expected growth in
the cash flow share as well. Table [[T|shows that the mean-reversion speed, ¢, is particularly
low for value stocks in the cross section. This means that value firms’ cash flows slowly
revert to their mean levels compared to others. Slow mean reversion suggests that value
firms’ cash flows are subject to large cash flow fluctuations in the long run, leading to high
cash flow volatility. CV(s;) can proxy for the total variability in cash flows. Table [[I| shows
that the coefficient of variation is higher on value firms, implying that value firms have larger
exposure to cash flow fluctuations. Interestingly, the monotonicity of total cash flow volatility
is mostly in line with the monotonicity of idiosyncratic cash flow volatility (v, I)H Since our
model prices idiosyncratic cash flow risk in equilibrium, total cash flow volatility reflects a
source of cash flow risk for pricing assets. To the contrary, conventional asset pricing models
allow only systematic cash flow risk to be priced. Thus, when the idiosyncratic cash flow
risk is priced in equilibrium, the usual (systematic) cash flow beta consisting of (vs.a/op a)
cannot be the sole driver in producing cross sectional return variation, and the idiosyncratic
risk component matters as well.

Now we turn our attention to belief dispersion in the cross section. We construct be-
lief difference measure following Diether, Malloy, and Scherbina; (2005)) such that investor’s

difference in beliefs is defined as the ratio of the standard deviation of analysts’ earnings

SD(Earnings Forecasts)
> Avg(Earnings Forecasts)

forecasts to the mean of analysts’ earnings forecasts . This measure can

EFmax*EFmin
Avg(EF)

EF.in are investors’ largest and smallest expected mean cash flows. To explain the measure,

be roughly approximated by , where EF = Earnings Forecasts where EF ., and
we take an example of firms with growth options in play.

Investors might have more diverse opinions on the cash flow of firms whose growth options
are the main assets, because of the uncertain nature of the growth options. In this case, the

distance between EF ., and EF,;, can be large, or closely related, a large value of standard

8 Aggregate cash flow risk parameter, (vs 4), does not vary much for the most part in the cross section
except two most value-like assets.

13



deviation of earnings forecasts. However, this distance is likely to be longer (shorter) for
bigger (smaller) firms since earnings tend to be larger (smaller) for bigger (smaller) firms.
Therefore, the distance measure alone cannot properly represent investors’ differences in
beliefs due to the firm size effect. To mitigate the size effect, we normalize the distance with
the average value of the share, Avg(EF).

The data show that growth firms are usually much bigger than value firms in size (market
capitalization). Thus, when applying the normalized distance measure to firms in the cross
section, we tend to observe longer distances, i.e., large values of EF,.x — EF;, for bigger
firms or growth firms; hence a bigger SD(earnings forecasts) for growth firms than for value
firms. But at the same time, Avg(EF) of growth firms is likely be higher than that of value
ﬁrmsﬂ Indeed, this tendency is captured by the data; growth firms’ cash flow share is much
larger than that of value firms, i.e., Sgowth >> Svalue (see Table . This is consistent with

the conventional wisdom that growth firms have higher growth potentials. In such a case,

EFmax _EFmin
Avg(EF)

the numerator. On the other hand, growth options are usually small for value firms. In such

the measure, can be small when the denominator is relatively large compared to

a case, analysts’ opinions will mildly fluctuate around those firms’ s such that the distance

EFnax — EFmin can be short. However, value firms tend to have a low Avg(EF) due to the

EFmax*EFmin
Avg(EF)

is relatively larger compared to the denominator.

lack of growth potential. Then, the measure can be large when the numerator

Although above discussion can plausibly explain why value stocks have larger belief dis-
agreement than growth stocks in terms of low profitability of value stocks, it is still necessary
to investigate data. We looked at value weighted standard deviations and value weighted (ab-
solute) mean(or median) of EPS forecasts of portfolios in value decile[l’| Both measures are
increasing from growth stocks to value stocks, which runs counter to conventional intution
mentioned above: investors might have more diverse opinions about growth firms since they
are exposed to more uncertain future growth opportunities and value firms have lower prof-
itability than growth firms. If the measure of belief difference is the mere reflection of value
firm’s overall low profitability, then we wouldn’t have seen this data. The data implies that
value stocks are indeed exposed to more diverse opinions in terms of the standard deviation

of EPS forecasts, and they are not necessarily less profitable in terms of per-share earnings

90nce growth firms start to pay out, they tend to pay lot more than value firms.
10We don’t report them here for the brevity
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forecasts. Also, the magnitude of mean per-share earnings forecasts is not big enough to
offset the size of the standard deviation of per-share earnings forecasts. Thus, our measure
of belief difference is increasing from value stocks to growth stocks in value decile.

The reason that we observe this phenomenon can be attributed to the nature of data.
Analysts’ forecasts are about per share. Thus, value stocks’ earnings forecasts per share can
be larger than growth stocks’ one. And this is usual street wisdom that value firms usually
pay more than growth firms if it is measured by per Share.E We would like to emphasize that
our finding of cross sectional pattern of belief difference is not entirely new. It is consistent
with [Diether, Malloy, and Scherbina (2005). Table IV in Diether, Malloy, and Scherbina
(2005) shows that the measure of belief difference is increasing from low book-to-market
group to high book-to-market group.

Normalized belief difference measure is in line with our theory in that it is similar to is
(Soptimist — Spessimist)/ St when the numerator is proxied by EF .y —EF i, and the denominator
is proxied by Avg(EF) If we decompose the ratio into (Soptimist —Spessimizt) 5 ¢} empirical

3 st

proxy captures the first part and it shows that the belief difference is closely related to the
cash flow share ratio. It is beyond the scope of the paper to endogenize the link between the
degree of belief dispersion and asset characteristics though, our empirical finding suggests
that assets with higher idiosyncratic cash flow fluctuations have higher belief dispersion. If
the size of belief difference for each asset is dictated by the amount of risk and uncertainty,
this empirical link seems plausible in that value stocks have higher cash flow risks, and the

wedge between optimists and pessimists are likely to be larger for the value stocks.

1 Also, the street wisdom says that value firms pay more than growth firms since they do not have future
growth opportunities; hence, no need to invest.

12The denominator, the average of earnings forecasts, can easily be approximated by the current share.
This is the same reason that the current stock return proxies the expected stock return from the previous
period since the earnings forecasts are made before the current share is observed.
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IV. Equilibrium Results

This section derives and discusses equilibrium results. We find two stochastic discount

factors (€M) () and ¢ () that satisfy the following goods market clearing condition.
(0 /M, 1) + e (EP (1) /N9, 1) = D(1). (Iv.1)
For the computational purpose, we define the stochastic weighting process \; as follows:

A (2)
-

= , (IV.2)
PR

where \g = i—;, since £ (0) = 1 for k = 1,2. As discussed in [Basak (2000), )\, provides
information about the differences in investors’ opportunity sets given heterogeneous beliefs.
By applying It6’s lemma to \;, we obtain the diffusion process of A(t) as
d X

Thus, \; process is fully described by investors’ disagreements, 7, = [nﬁz) — nt(l)], and the

second (optimistic) investor’s perceived idiosyncratic Brownian risk B}Q) (t). For consistency,
we continue to use the second investor’s Brownian risk afterwards, but one can always rewrite
the problem from the pessimist’s point of view without loss of generality.

With the definition of the A;, we characterize the stochastic discount factors as follows.

Proposition 1.

2 1—
R
o X,

Without belief difference, the A\, process becomes 1.

A A2 A

~a/m)? NG

1 1

1+ (T) ] Cand &L (IV.4)
t

Proof: See Appendix.
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A.  Equilibrium Prices and Returns

Because £ and ¢® are linked via ), process, the Radon-Nikodym derivative between
the two investors’ perceived probability measures, it suffices to compute the price of an asset
with the share, s;, using the second investor’s state price density. The following proposition

shows the equilibrium price-dividend ratio of an asset s.

Proposition 2. Approzimate equilibrium stock price with the share process s; is given by

P(t) H 52 52 H
@ ~ [Bs,o + B (E) + Bs2 (S_t) + Bs3 <S_tﬁt>:| ; (IV.5)

where coefficients B, ’s are the functions of parameters determining cash flow or firm char-

-

acteristics:
Es,k: = fk(vsJ? US,A>Ea e hla h’27 ¢S> 5(2))7 (IVG)

for k =0,1,2,3 and 1, is the time series average of belief difference measure for a stock with

the share, sy, and

1
ﬁS,O i — )
a1 + Qovs 1 + hovg 4 — h1 — s
Bur = i
! (@1 + Qovs 1 + hovga — b1 — @) X (1 + Covs 1 — D)
Bz = 0

(a1 + Qovs,1 + hovsa — hy — ¢5) (@1 — hy)’

with @, = (1 —7)/(24%7;°) and @y = /7. Bes is in an appendiz due to its length and a
small quantitative magnitude The quantities 5/s; and H/H,; are referred to the share ratio

and the habit ratio, respectively.

Proof: See Appendix.

Equation states that two variables mainly determine the equilibrium price-dividend
ratio of a stock with the share s,: the share ratio (5% /s,) and the habit ratio (4 /H,) from
the standpoint of the second (optimistic) investor. This is a extended version of Gordon
growth formula in that the price-dividend ratio depends on discount rate variable, H/H;,

cash flow variable, 5% /s, and the interaction variable of the two that governs the so-called
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convexity. The price-dividend ratio has both time-series and cross-sectional implications in
equilibrium. Time series variations in H and s affect equilibrium price-dividend ratio, and
nontrivial cross-sectional effects can arise, as the main variables and the beta coefficients
differ across assets, depending on cash flow characteristics and especially the degree of belief
dispersion.

We first note that all the [, coefficients are positive under the reasonable conditions
such as the existence of belief difference, mean reversion of the share process, and relative risk
aversion being greater than 1. Thus, equilibrium price-dividend ratio is positively affected
by all the variables. For instance, the habit ratio pro-cyclically affects the price-dividend
ratio along the business cycle; equilibrium price-dividend ratio increases in a good economy
and vice Versa.ﬁ Plus, the higher the cash flow share ratio, the bigger the equilibrium price-
dividend ratio. An increase in the share ratio implies an increase in the expected dividend
growth (see equation (I1.10))). Higher expected dividend growth translates into a higher value
of the equilibrium price-dividend ratio, due to ;2 being positive.lﬂ In addition, qualitatively
speaking, an increase in the expected cash flow growth rate has a positive effect on the price-
dividend ratio through the interaction with the habit ratio (positive f;3). The left panels
of Figure [2| show the simulated time-series property of price-dividend ratio with respect to
the share ratio of our calibrated model for the value and growth stocks. The last row of
the left column in figure [2| draws the same contents on the same graph for comparison. We
draw scatter plots for the ease of exposition. Consistent with the previous studies, a positive
relation between the price-dividend ratio and the share ratio prevails with an important
difference: a significant disconnect between the value and the growth stocks exists, and the
bottom left row in figure |2 suggests that the cross-sectional link is negative, if the times-series
averages of the variables of interest (straight lines) are computed within each of the value or

growth stocks.

[Insert Figure

13Put differently, when the economy is in a slump, the habit variable H; is high, and vice versa.

14This mechanism can be roughly seen in equation . The increase in the share ratio, 52 /8t, is
equivalent to the decrease in the share, s;, as the long-run mean 5 is fixed. Note that equilibrium price-
dividend ratio can be seen as Ps(t)/Ds(t) = Ps(t)/s:Dy = (Ps(t)/s(t))(1/D;). In the model, D; is given
exogenously. Thus, the decrease in s; increases the price-dividend ratio, Ps(t)/Ds(t). A positive time-series
relation between the share ratio and price-dividend ratio has also been shown inMenzly, Santos, and Veronesi
(2004) and [Santos and Veronesi| (2010)).
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The beta coefficients play crucial roles in accounting for the above pattern, as they convey
different information across assets depending on firm characteristics as well as investors’
belief differences. In particular, coefficients are nonlinear functions of the habit parameters
(hy and hy), the long-run mean of the cash flow share, s, and the average value of belief

difference, 7;, which we give more details in the below.

[Insert Figure (3

The upper part of Figure [3| confirms the observation in figure [2| to show that our model
indeed simulates a negative cross-sectional relation between the share ratio and the price-
dividend ratio. This result states that the time-series property of a positive link between
the share ratio and the price-dividend ratio for each value deciles does not monotonically
translate into the cross section because of nonlinearity. This nonlinearity results mainly from
the idiosyncratic cashflow risk, augmented with heterogeneous beliefs.

Recall that the coefficient on the share ratio (fs2) governs cash flow dynamics and in-
vestors’ belief differences for each asset s as seen in equation . From the formula of
fBs2 in the proposition, @; and @, are are functions of belief difference, 7; they are both neg-
ative but increase in absolute values when belief difference increases. When belief difference
increases, the denominator of [, increases as the product of &y + @ev,; with @ — hy is
positiveﬂ With the same logic, the increase of idiosyncratic cash flow risk parameter, v s,
leads to higher value of denominator: hence, lowers the value of ;5. In short, the higher
the idiosyncratic cash flow risk and belief differences, the lower the value of s5. In both
the data and the simulation, assets with higher share ratios tend to have higher cash flow
risk parameters (both v, 4 and v ;) and more diverse investors’ opinions (See Table [II} and
Internet Appendix). Thus, low values of 3, »’s correspond to higher values of the share ratios

in the cross section and vice versall9

[Insert Figure (4]

Figure @ shows the cross-sectional relation between share ratios and ;s 2’s. They turn out to
be strongly negatively (and nonlinearly) related: high (low) values of share ratios are asso-

. ) ) .
ciated with very low (high) values of 55 2’s: Bs.2]low share ratio >>> Bs2|high share ratio- 1 herefore,

15p, is positive. See Internet Appendix for the parameter calibration of aggregate processes.
16 Also the mean-reversion coefficient, ¢,, is bigger on stocks with low share ratios, which further fortifies
the relation.
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in the cross section, very low (high) values of [, strongly suppresses (magnifies) high (low)
values of share ratios, leading to a negative cross sectional relation between the share ratio
and equilibrium price-dividend ratio. This is a key theoretical result of our model equilib-
rium and it contrasts with existing studies such as Menzly, Santos, and Veronesi| (2004]),
Santos and Veronesi (2006)), and Lettau and Wachter| (2007): in those studies, assets with
high (low) share ratios have high price-dividend ratio as well as high (low) expected excess
returns, which is not consistent with data.

With this in mind, we now compute the (approximate) expected excess return of an asset

with share s;.

Proposition 3. Equilibrium return process for a stock with the share process, s; is given by

AR, ~ ) dt + g 4dBa +op_dBY (IV.7)
where u( ) s the approximate expected excess return, i.e., Et@ [dRs 4], and it is given by:
Ds()] 1 az
EP[dR, ] ~ |2 [ ] V.
.~ | P [t ). v.g)
where

H
Mst = B0 (UD AT U A) (UD,A - h2) + Bsa1 (UD,A T Vg4 — h2) (UD,A - h2) {—}

H,
52 5@
o) (2] - [

St

1 _ H
/“Lg,t = _évs,lnt (/BS,O + 65,1E) .

Proof: See Appendix.

(IV.9)

Proposition [3| shows a decomposition of the equilibrium expected excess return into two
parts (equation . The first, ust , is the expected excess return that is affected by
both aggregate and idiosyncratic cash flow risks, and the second, ,uit is affected only by
idiosyncratic cash flow risk via investors’ belief differences. We note that the whole term,

,uﬁ,t, is positive mainly because 7; is negative, which we will discuss shortly below in the next
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subsection. It implies that idiosyncratic cash flow risk increases the expected excess return
via investors’ differences in beliefs.

The right column of Figure [2/ shows that our calibrated model generates a negative time
series relation between the share ratio and expected excess returns within each portfolio.
As the share ratio and price-dividend ratio are positively related, this implies that the usual
time series return predictability holds as to the share ratio: low (high) dividend yield induced
by high (low) share ratio leads to low (high) expected excess return. However, as the right-
bottom of figure [2] and more thoroughly the bottom panel of figure [3| show, this relation is
flipped in the cross section such that assets with high average (low) share ratios generate
high (low) expected excess returns. That is, within-group and across-group relations are
markedly different. Simulated equilibrium cross section indeed matches the data as shown

in Figure [3]

[Insert Figure (5]

According to the model, high (low) share ratios are associated with very low (high) fs.’s;
hence, assets with high (low) share ratios have low (high) price-dividend ratios. Then,
equations and imply that assets with high (low) share ratios have high expected
excess returns since they have not only high (low) dividend yields in the cross section but

also higher belief difference together with idiosyncratic cash flow risk (e.g., uit).

B. Cash Flow Risk and the Value Premium

In this subsection, we decompose the expected excess return into two parts - discount rate
risk component and cash flow risk component - following the recent trend in the literatureﬂ
To do that, we first compute the discount rate risk premium and define the cash flow risk
premium as the difference between expected excess return and discount rate risk premium.
In our model, aggregate discount rate risk is induced by the habit process, HtH For instance,

H,, from its definition, closely follows the business cycle as H; ! moves pro-cyclically with the

17See (Campbell and Vuolteenaho| (2004), Campbell, Polk, and Vuolteenaho| (2010), Lettau and Wachter
(2007)), [Santos and Veronesi| (2010), as well as many others for the study of the importance of discount rate
risk component and cash flow risk component respectively in explaining the cross sectional-return variation.

18Tn |Campbell and Cochrane (1999) and Santos and Veronesi (2010), the surplus-consumption ratio,
Sy = (Cy — Xt)Ct_l induces the aggregate discount rate risk. In our model, the habit process, H;, plays a
similar role.
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business cycle. Following |Santos and Veronesi (2010), we define discount rate risk premium

as the price elasticity of H, *.

[ (8) s (ZH](5) o

Thus, in equation (IV.8)), the discount rate risk premium is defined as

uf = (opa—ho)’ {53,1 (%) + Bas (%%)} (l;((f)) ) . (IV.11)

The resultant cash flow risk premium is then defined as

St = B [dRo) — ulf (IV.12)

)

The following proposition summarizes the above.

Proposition 4. Approzimate equilibrium expected excess return of a stock with the share,

S¢, 18 decomposed into discount rate risk premium and cash flow risk premium:
E®[dR,,] = uBf + ulE. (IV.13)

Simulation of the model with return decomposition as well as other cross sectional mo-

ments such as Sharpe ratio are presented below in Table [[V] and Figure [6]

[Insert Table [V] and Figure [6]

Assets are sorted by price-dividend ratios; assets with high (low) price-dividend ratios are
categorized as growth (value) stocks. We note that, as the data show in the previous section
IT1], value (growth) like stocks have high (low) share ratios (see upper right corner of Figure ||
and average log price-dividend ratio and average share ratio in the table). Main simulations
results are 1) expected excess returns are increasing from growth to value firms, 2) while cash
flow risk premium is higher on value firms, discount rate risk premium is higher on growth
firms, 3) idiosyncratic cash flow risk premium is distinctively higher on value firms, 4) Sharpe
ratio increses from growth to value firms, and 5) total cash flow volatility measured by the
coefficients of variation of the cash flow shares, C'V(s;), is increasing from growth to value

firms. Thus, our model produces key cross sectional moments, as shown in Table [V] below.
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[Insert Table

Return decomposition with equations and is useful in presenting the cross
sectional pattern in our model. While cash flow risk premium increases toward value stocks,
discount rate risk premium increases toward growth stocks. Growth stocks’ expected excess
returns distinctively come from discount rate risk premium, which is consistent with assets’
nature: growth stocks’ cash flows are subject to high discount effect because of their long
duration. On the other hand, value stock’s expected excess return is mostly governed by cash
flow risk premium. Moreover, cash flow risk premium dominates discount rate risk premium
in the cross section such that the value premium arises. Then, a natural question arises:
what really is responsible for large cash flow risk premium. As was briefly described in 3)
above, idiosyncratic cash flow risk premium is one that quantitatively reigns the whole cash

flow risk premium. We look at the role of the pure idiosyncratic cash flow risk premium,

1 _ H
Mi,t = _§Us,177t </65,0 + Bs1 E) .

It is a function of idiosyncratic cash flow risk parameter, belief difference, and the habit
ratio along with two coefficients. As was mentioned before, yl, is positive as —v, ;7 is
positive; idiosyncratic cash flow risk positively affects expected return of an asset in our
model. Table [[V] above shows cross sectional variation of pure idiosyncratic cash flow risk
premium. The premium is negligible for the first 6 decile portfolios that are close to growth
stocks. However, it matters for the remaining 4 portfolios and matters most for the value
stocks. The reason is that pure idiosyncratic cash flow risk premium is largely determined by
the interaction between idiosyncratic cash flow risk parameter, v, ;, and the average belief
difference, 7;. Besides, as Table shows, the whole cash flow risk premium is largely
determined by pure idiosyncratic cash flow risk premium, which further strengthens the
importance of idiosyncratic cash flow risk with belief difference.

Now we realize that the value premium in our model is generated by the cash flow risk
premium. Furthermore, we note that the same logic that explains higher expected returns
on assets with with higher share ratios in the cross section also explains the value premium.
Similar to the data, value stocks have higher share ratios, bigger idiosyncratic cash flow risks,
and larger belief differences in our model. Therefore, Bs2|iow share ratio >>> Bs.2|high share ratio

directly translates into fs2|growth >> 5s.2|value Such that high (low) values of the share ratio
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is suppressed (magnified) by small (large) values of ;5. Thus, a positive cross sectional
relationship between the share ratio and the expected excess return directly explains the

value premium.

C. Conditional Value Premium

The pricing of idiosyncratic cash flow risk has an additional implication for the value
premium. Idiosyncratic cash flow risk is priced only through different beliefs: the higher
the belief difference, the larger the effect of idiosyncratic cash flow risk. Therefore the value
effect is supposed to be more prevalent for assets with larger degree of belief differences. To
check this empirical implication, we double sort assets into 9 groups conditionally: assets
are first sorted into three groups based on the magnitude of belief difference, and then in
each group, assets are further sorted into three groups based on book-to-market ratio. We

compute the value weighted average return in each group.

[Insert Table |VI]

Panel B of Table clearly shows that the value effect is stronger in the group of assets
with higher belief difference. In particular, a significant value effect emerges in the group
of large belief difference. On the other hand, in the group of low degree of belief difference,
the value effect rarely exists. This result is in line with [Yu (2011) in that the value effect
is more pronounced for assets with high belief disagreement. Both [Yu (2011) and our study
use bottom-up measure of belief difference from individual stocks; individual firms’ standard
deviation (and the mean) of EPS forecasts from I/B/E/S data set. The only difference is
that we use the normalized standard deviation. In both studies, stocks are double sorted by
book-to-market and respective measures of belief difference.

We compared our measure of belief difference with [Yu (2011)’s measure of belief dif-
ference, i.e., value weighted standard deviation of EPS forecasts across portfolios in value
decile. As was explained before in section [[II, We find that both measures are in line with
each other in terms of direction such that they are increasing from growth stocks to value
stocks. This confirms that data sets in both studies largely coincide. Hence, the conditional
value effect in each study is the same phenomenon: it is the pricing mechanism that makes
our study differ from [Yu| (2011) [

19Yu[ (2011) argues that the value effect is more pronounced because of growth stocks. The way [Yul (2011))
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D. Belief Difference and Growth Premium Puzzle

In this subsection, we investigate the role of belief difference in-depth, by which we better
understand how our model differs from similar asset pricing models. Previous studies such
as [Santos and Veronesi| (2010) and [Lettau and Wachter| (2007) show that when cash flow
risk is not considered in equilibrium, discount rate risk prevails in the cross section such that
the growth premium arises. Further, they show that introducing systematic cash flow risk
in equilibrium is not enough to generate the value premium.

If we disentangle systematic cash flow risk from our model, we can better understand
how idiosyncratic cash flow risk contributes to our model equilibrium, which in turn high-
lights the role of belief difference. To do that, we need to turn off individual systematic
cash flow risk in the model. This can be achieved by setting vs 4 to zero since the sys-
tematic cash flow risk - the covariance between the share process and aggregate cash flow
process, Cov (ds;/s;, dD;/D;) = 04, 40p.a - is approximated by =¢F" = v, 40p 4. Below is the

simulation results of the model when v, 4 = 0.

[Insert Figure

Unlike Santos and Veronesi| (2010) where the growth premium arises when cash flow
risk is turned off, we still have the value premium.@ What makes this difference? From
the previous section, we know that the most of cross sectional stock return variation comes
from the variation of cash flow risk premium as shown in Table and Figure [0] Hence,
for our model to generate a different cross section with the change in systematic cash flow
risk, the whole cash flow risk premium must be significantly influenced by the change in
vs.4. To check this, we numerically compute the size of both systematic and idiosyncratic
cash flow risk in our model. Following the convention, systematic cash flow risk is measured

by unconditional covariance between individual cash flow process and aggregate cash flow

investigate the return difference within each group of belief difference is based on Miller| (1977)). Thus, growth
stocks are more overpriced because they are subject to larger belief disagreement. On the other hand, our
study explains why assets in high belief difference should exhibit larger value effect by driving equilibrium
pricing mechanism of idiosyncratic cash flow risk via belief dispersion.

20No cash flow risk in |Santos and Veronesi| (2010) is equivalent to Z¢* = 0 in our model. In Santos and
Veronesi| (2010) and Menzly, Santos, and Veronesi| (2004), individual systematic cash flow risk is measured
by 0%, that is covariance between an individual cash flow share process and aggregate cash flow process.

0% corresponds to Z¢'F in our model.
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process, i.e., Cov <d£ 5(%), %Dtt). This is approximated by
o dD4(t) dD; >
ov — =0 O AT
Ds(t) 9 Dt DA 7A D,A
=0+ [Vsa — s1054 — (1 — 51)v_s5),4] DA (IV.14)

(: O’%A + ESCF — StESCF — (1 — St)E(Ci}is))

~ 2
~O0pa + Vs, AODA,

when evaluated at s; = § E On the other hand, since idiosyncratic cash flow risk (represented
by the parameter, v, ;) is priced only through investors’ belief differences. Thus, —v, ;7 is
an appropriate measure of idiosyncratic cash flow risk. Table shows the quantitative

magnitude of the both cash flow risks in the cross section ]

[Insert Table VI]]

While aggregate cash flow risk does not fluctuate much in the cross section, idiosyncratic
cash flow risk significantly fluctuates. Furthermore, idiosyncratic cash flow risk quantita-
tively dominates aggregate cash flow risk in the cross section; hence, the fluctuation of total
cash flow risk is largely determined by the fluctuation of idiosyncratic cash flow risk. As
a result, an experiment with v 4 = 0 yields the result that is almost identical to the orig-
inal simulation. In sum, belief difference plays an important role in our model by pricing
idiosyncratic cash flow risk which is crucial for determining the cross section.

We can also assess the importance of belief difference more directly by turning off belief

difference in our model (by setting 7, to zero).

[Insert Figure

Figure 8 shows the cross section generated by the reduced form model with respect to the
cash flow share ratio. Unlike the original model, the reduced form model yields so-called the
growth premium: stocks with higher share ratios have lower expected excess returns. This

should be expected as the reduced form model is a version of [Menzly, Santos, and Veronesi

21This approximation comes from the identification conditions for the share process. Details can be found
in the Appendix.
22Since 1], is negative, we put a negative sign on v; s7js to make it positive.
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(2004) or Santos and Veronesi| (2010) where growth stocks have higher price-dividend ratios
due to higher cash flow growth rates, but also have higher expected returns due to large effect
of discount shocks. One thing to note in our reduced form model is that value stocks still
have higher share ratios as opposed to Menzly, Santos, and Veronesi (2004) and Santos and
Veronesi (2010) since the cash flow parameters used in the experimental simulation at the
bottom of figure are the same as those in the original one. However, now idiosyncratic cash
flow risk parameter does not affect equilibrium since there is no pricing channel, i.e., belief
difference. Thus, discount shock prevails in the cross section; hence, the growth premium
arises. In short, without belief difference channel, typical asset pricing models similar to
ours cannot generate desired equilibrium cross section.

Our discussions so far highlight the difference between our study and existing ones such
as Menzly, Santos, and Veronesi| (2004)), [Santos and Veronesi (2010), and Lettau and Wachter
(2007). In those studies, assets with high expected dividend growth (= high share ratio) have
high expected returns despite high price-dividend ratio due to strong discount effect, leading
to a growth premium. Our model differs from these studies in that it generates a usual-
time series return predictability at the fund level; low (high) share ratios leads to high (low)
dividend yield, hence high (low) expected returns. But this time series return predictability
holds within each group of portfolios and the pattern reverses in the cross section such that
assets with high (low) average share ratios have high (low) expected returns. Our analysis
suggests that this arises because investors excessively fear high total cash flow risk for assets
with high share ratios, which are unlikely to become assets with high growth in cash flows.

Market requires a higher premium to bear the risk, reflecting the pessimistic beliefs.

V. The Term Structure of Equity Returns

Beginning with Binsbergen, Brandt, and Koijen (2012), recent studies find that equity
term structure is sloping downward: assets with shorter (longer) cash flow durations have
higher (lower) average returns. It is also shown that existing asset pricing models such

as external habit formation (Campbell and Cochrane (1999)) and long-run risk (Bansal
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and Yaron| (2004)), generate counterfactual upward-sloping equity term structuresﬁ These

findings impose a critical challenge on existing asset pricing models particularly for the cross-
section]] A stylized fact — growth (value) stocks have longer (shorter) cash flow durations
— implies that downward (upward) sloping equity term structure is equivalent to the value
(growth) premium. Thus, equilibrium results in our model suggests a downward-sloping

equity term structure. We investigate this using two measures of cash flow durations.

For the first measure, we follow Dechow, Sloan, and Soliman| (2004) to define an accounting-

based measure of cash flow duration as follows.

(V.1)

_\T t
_ XL txCRy/( )| (re ) (Pa= XL CR/(+1))

Durgy = iz Iz ,
s,t r s,t

where s indicates share s;,, C'F;, is the cash flow of an asset with the share s;, and r is
the common discount rate. Though one can use the simulated aggregate expected (excess)
return for 7, we use r,; that is the expected excess return for an asset with the share s,
for more realistic specification’”| This definition of the cash flow duration comes from the
concept of Macaulay duration in the fixed income market.

For the second measure, we define the price elasticity with respect to the cash flow as an

indirect measure of cash flow duration:

8Ps,t/Ps,t

—_otiost 2
9CF,,/CF,, (V-2)

tDurg; =
We use this measure based on observation that the bond price with longer cash flows have
higher price sensitivity with respect to the change in cash flows. We compute two cash flow

duration measures for the assets sorted on price-dividend ratio from the model simulation.

230n the other hand, a model with a rare disaster such as is shown to generate a flat equity
term structure.

24Most recent asset pricing models have been successful in generating aggregate equity premium in the
time series. However, the challenge by Binsbergen, Brandt, and Koijen| (2012) applies to the cross-sectional
return variation. Recently, there have been some attempts to resolve this issue. One notable success can
be found in Belo, Collin-Dufresne, and Goldstein| (2015) that incorporates stationary leverage ratios into
dividend dynamics. Also, Hasler and Marfe| (2016) generates a downward sloping equity term structure
under a rare disaster followed by recovery. Most recent literature includes |Gormsen| (2019) and |Goncalves
(2019). For the survey of the literature on equity term structure and related discussions, see [Binsbergen and

Koijen| (2017).
Weber| (2018) uses the same procedure.
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Although we do not report to conserve space, consistent with [Dechow, Sloan, and Soliman
(2004)) and the stylized fact, both measures of cash flow durations are monotonically increas-
ing from assets with low price-dividend ratios to assets with high price-dividend ratios (or
from assets with high share ratios to assets with low share ratios).

Figure [9 shows the relationship between expected excess return and the cash flow dura-
tion. Specifically, cash flow durations are recorded on the horizontal axis following the order
of price-dividend ratio that is simulated from the model. Indirect durations are proportional

to price-dividend ratios, and the horizontal axis represents value decile.

[Insert Figure 9]

The upper panel of Figure [ shows expected excess return against the direct cash flow
duration measure. For a direct measure of cash flow duration, we use T' = 29 years as we
cover 1983 to 2011 in the data.@ Bottom part of Figure |§| shows expected excess return
against indirect cash flow duration. Both figures clearly show downward sloping equity term
structures, consistent with data.

Our empirical result shows that assets with low (high) price-dividend ratios have more
(less) diverse investors’ opinions and larger (smaller) idiosyncratic cash flow risks. In addi-
tion, the model simulation matches assets with low (high) price-dividend ratio with short
(long) cash flow durations. The economic mechanism that explains the value premium pro-
duces equity term structure consistent with data. Finally, we find that our study can satisfy
conditions suggested by the latest study about what a desirable asset pricing model should
be. |[Lochstoer and Tetlock (forthcoming) empirically find and argue that an asset pricing
model that is consistent with the data should have following properties; 1) cash flow risks
have little relation to aggregate market movement, 2) firms’ anomaly returns should be
closely related to firms’ characteristics, and 3) cash flow risk drives firm risk or errors in
investors’ expectations. In our model, cross-sectional return variation (especially along the

value decile) is mainly driven by cash flow risk, not by aggregate discount risk@ Plus cash

26For discount rate, as mentioned before, we use expected excess return for each asset in the cross section.
Though we do not report all the duration results, we observe that varying discount rates (to aggregate
expected excess return) and T' does not change the reported result.

27This is because investors’ belief difference prices idiosyncratic cash flow risk which captures the major
portion of the whole cash flow risk. In particular, investors’ belief difference shows up in the stochastic
discount factor as a second pricing component and it has a zero correlation with shocks to aggregate cash
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flow risk is governed by idiosyncratic part of cash flows such as firms’ characteristics; firms’
growth potential (i.e., §), mean-reversion speed (i.e., ¢5), and idiosyncratic cash flow risk (i.e.,
vsr). Further, heterogeneous beliefs about firms’ individual cash flows create and amplify

the effect of idiosyncratic cash flow risk. Our model largely satisfies the above suggestions.

VI. Conclusions

We introduce investors’ differences in beliefs on individual cash flows in an equilibrium
model. Investors interpret the long run mean of individual cash flows differently through
idiosyncratic risk. Therefore, idiosyncratic cash flow risk gets priced in equilibrium, contrary
to existing asset pricing models. Further, this simple modification can potentially address
many issues with the cross-sectional anomalies without affecting aggregate time-series impli-
cations of asset pricing models. Indeed, our model generates data-consistent cross-sectional
moments, i.e., price-dividend ratios, expected returns, Sharpe ratios, and etc. Moreover, our

model also produces comparable size of the value premium observed in the data.
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Table I An Overview of Cash Flow Risks and Belief Differences — This table displays total cash
flow risk, aggregate (systematic) cash flow risk, and idiosyncratic cash flow risk. We investigate cash flows of
decile portfolios sorted by book-to-market ratios from 1983 to 2011 with CRSP-COMPUSTAT merged data set.
Cash flow is defined by the sum of dividend and share repurchase for each decile portfolio: D, for s =1,--- ,10.
Aggregate cash flow is the sum of all cash flows of all 10 portfolios such that D = 221 Dg. A systematic

dg = %), and a total cash flow risk is simply measured by the variance of

dDs/Ds. A simple idiosyncratic cash flow risk is measured by the variance of estimated error terms from the
regression, (dDs ;/Dsy) = Bo + f1(dD/D)¢ + €51, where t indicates time. For the measure of investors’ belief
differences (BD), we compute the coefficient of variation of analysts’ earnings forecasts, i.e., standard deviation
of earnings forecasts divided by absolute mean of earnings forecasts, from the I/B/E/S data set.

cash flow risk is measured by Cov (

Cash Flow Risk

Growth Value

Portfolio 1 2 3 4 5 6 7 8 9 10

Var (%) 0.0472 0.0880 0.0776 0.0468 0.0921 0.0618 0.3529 0.3396 1.6807 1.4288

Cov (dgs,%) 0.0152 0.0211 0.0174 0.0113 0.0171 0.0079 0.0121 0.0124 0.0425 0.0347

ez, /(N -2 0.0383 0.0708 0.0660 0.0420 0.0810 0.0596 0.3482 0.3346 1.6152 1.3860
t st

BD 0.045 0.053 0.081 0.085 0.102 0.126 0.174 0.160 0.273 0.419
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Table II Characteristics of Decile Portfolios — This table shows basic statistics of characteristics
of decile portfolios sorted by book-to-market ratios from 1983 to 2011 for CRSP-COMPUSTAT merged data
set. For the measure of investors’ belief differences, we compute coefficient of variation of analysts’ earnings
forecasts, i.e., standard deviation of earnings forecasts divided by absolute mean of earnings forecasts, from
the I/B/E/S data set. vs 4 is pinned down by the unconditional covariance between the share process and the
aggregate cash flow process, i.e., ECF — Vs, A0D,A. Vs, can be computed from the identification (normalization)
condition imposed on the share process. Details of the estimation can be found in Appendix A. Mean-reverting
coefficients, ¢, are estimated by generalized least squares method. Coefficient of variation of the cash flow
share, s;, is defined as the ratio of the standard deviation of s; to the mean of the share s;, and indicated by
CV(st). 5 is the time-series average of the share s;.

Cash Flow Characteristics

Growth Value

Portfolio 1 2 3 4 5 6 7 8 9 10
Vg A -0.059 -0.032 -0.052 -0.089 -0.061 -0.107 -0.078 -0.076 0.055 0.044
Vg1 0.046 0.033 0.023 0.017 0.005 0.016 0.278 0.263 1.473 1.232
Os 0.104 0.126 0.312 0.142 0.146 0.159 0.187 0.267 0.185 0.075

5 0.131 0.108 0.080 0.077 0.078 0.064 0.067 0.059 0.051 0.036
Avg(%) 1.249 1.214 1.140 1.209 1.224 1.208 1.315 1.290 1.444 2.140
CV(st) 0415 040 031 039 0431 040 0.614 0.499 0.713 1.08

BD (x —7) 0.045 0.053 0.081 0.085 0.102 0.126 0.174 0.160 0.273 0.419
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Table III The Share Ratios of Decile Portfolios — For each of 10 portfolios sorted by book-to-market
ratios, we report quantile values of the share ratios of the portfolio, average values of the share ratios in each

quantile group of the portfolio, and finally the percentage of the share ratios of the portfolio that are less than
1 from 1983 to 2011 in CRSP-COMPUSTAT(CCM) merged data set.

CRSP-COMPUSTAT, 1983 to 2011

Growth Value
Portfolio 1 2 3 4 5 6 7 8 9 10
Quantile value 0.821 0.829 0.867 0.867 0.798 0.819 0.900 0.814 0.791 0.817

1.037 1.016 1.011 1.056 1.079 1.074 1.129 1.075 1.304 1.183
1476 1.442 1.228 1.326 1.450 1.373 1.760 1.594 1.794 2.779
11.107 10.886 8.654 11.020 6.640 6.434 3.912 4.684 5.800 12.115

Average in Quantile 0.660 0.696 0.743 0.694 0.639 0.658 0.614 0.624 0.551 0.566
0.922 0909 0942 0.961 0.960 0.961 1.007 0.952 1.084 0.989
1.232 1.218 1.109 1.170 1.250 1.192 1.399 1.279 1.54 1.832
2184 2.032 1.765 2.012 2.048 2.023 2.239 2.306 2.601 5.172

% of share ratio < 1 45.4 49.1 46.8 422 408 40.2 36.8 42.0 32.5 374
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Table V Summary Statistics of the Data — Panel A summarizes basic statistics for the market
portfolio from 1983 to 2011 on a monthly basis. Mean excess return of the market, R, is the average of excess

returns (E(R — rf)) on the market portfolio, and ry is the risk-free rate. Panel B and C summarize key cross
sectional moments for decile portfolios sorted on book-to-market ratio from CRSP-COMPUSTAT merged data
set (CCM) and CRSP-COMPUSTAT-I/B/E/S merged data set (CCIM) respectively. Returns and volatilities
are expressed in percentage.

Panel A: Summary statistics on the market portfolio

T : —
R}y g Sharpe ratio Ty o,

0.57%  4.57 0.126 0.036%  0.22

Panel B: Statistics on decile portfolio CCM
Growth Value
Portfolio 1 2 3 4 5 6 7 8 9 10

E(R—r;)  089% 0.99% 1.04% 0.99%  0.96% 1.10% 1.07% 1.06% 1.07% 1.41%

Mean B/M 0.15 0.309 0415 0.514 0.614 0.72 0.84 0.99 1.22 2.43
Mean In(P/D)  5.07 4.81 4.75 4.61 4.53 4.52 4.43 4.42 4.49 4.52
Sharpe Ratio  0.103 0.13 0.139 0.127 0.121 0.162 0.14 0.146 0.123 0.152

Panel C: Statistics on decile portfolio CCIM

Growth Value

Portfolio 1 2 3 4 5 6 7 8 9 10
E(R) 0.953% 1.00% 1.02% 0.97% 0.91% 1.08% 1.1% 1.01% 1.04% 1.53%
Mean B/M 0.167 0.307 0.416 0.513 0.615 0.721 0.841 0.98 1.218 2.08
Mean In(P/D)  5.80 5.67 550  5.37 5.32 5.29 509 535 519  5.63

Sharpe Ratio  0.1139 0.1271 0.1307 0.1193 0.1075 0.1431 0.1356 0.1228 0.1126 0.1477
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Table VI The Value Effect and Belief Difference — Panel A summarizes cross sectional return
differences in the value decile in CRSP-COMPUSTAT-I/B/E/S (CCIM) merged data set from 1983 to 2011 on
a monthly basis and the corresponding estimates of the average belief differences (BD), and the book-to-market
ratios (B/M). Panel B summarizes the value effect in the same data set over the same time period. In panel B,
assets are first sorted into three groups based on the magnitude of belief differences from 1983 to 2011. And
in each group of belief difference, assets are sorted into three groups based on book-to-market ratio. Then, the
value premium in each group is computed as the difference between the average value-weighted return of high
B/M group and that of low B/M group.

Panel A: Value deciles portfolios in CCIM

Growth Value
Portfolio 1 2 3 4 5 6 7 8 9 10
E(R) (%) 0.95 1.00 1.02 097 0.91 1.08 1.10 1.01 1.04 1.53

Average B/M 0.17 031 042 0.51 0.62 0.72 0.84 0.99 1.22 2.08

BD (x —7) 0.06 0.05 0.08 0.09 0.10 0.13 0.17 0.16 0.27 0.42

Panel B: Value Premium and Belief Difference in CCIM

Low BD Mid BD High BD
Value Premium 0.225% 0.227% 0.762%**
t-value 1.04 1.258 2.39

Table VII Cash Flow Risks — This table shows models’ aggregate cash flow risk and idiosyncratic
cash flow risk in the cross section. Aggregate cash flow risk (Agg. CF Risk) in the cross section is measured
by unconditional covariance between individual cash flow process and aggregate cash flow process following
Menzly, Santos, and Veronesi| (2004). Unconditional covariance, that is obtained by evaluating the conditional

. . . dD, (¢ - - -
covariance, is approximated as Cou; ( ¥5) s((t)), dgt) = O’%A + :EF — st:SF - (1 — st):(cis) ~ a%_A + Vs,A0D, A

at s; = §. Thus, aggregate cash flow risk in the cross-section is approximately represented by 0%7 A+ Vs, A0D, A.
Idiosyncratic cash flow risk (Idio. CF Risk) parameter, v , is priced only through investors’ belief differences
such that —uv, ;7; measures the magnitude of priced idiosyncratic cash flow risk in the model.

Cash-Flow Risks in the Cross-Section
Growth Value

Portfolio 1 2 3 4 5 6 7 8 9 10
Agg. CF Risk 0.0142 0.0184 0.0513 0.0097 0.0139 0.0069 0.0114 0.0116 0.0316 0.0299

Idio. CF Risk 0.0022 0.0018 0.0015 0.0012 0.0000 0.0018 0.0344 0.0350 0.2087 0.2384

41



The Value Premium
T T

— - - -
o w E &)
T T T

Mean Return
T

| | |
25 2 15 1 0.5 0
Mean Book-to-Market

The Value Premium
T T

- - - -
() w » &
T T T

Mean Return
T

|
4.4 45 46 4.7 48 4.9 5 5.1 5.2
Mean Log P/D

Figure 1. The Value Premium in the Data — January, 1983 to December, 2011. The data is from CRSP-
COMPUSTAT merged data set. Stocks are sorted on both book-to-market ratios and price-dividend ratios
whose breakpoints are given in Kenneth French’s Data Library.
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Figure 2. Simulated Time-Series Relations among Price-Dividend Ratio, Share Ratios, and
Expected Returns for the Value and Growth Stocks — This Figure shows the time-series relationship
between the share ratio, price-dividend ratio, and returns from the simulation of the model. For brevity, we
show cases only with value and growth stocks in the value decile. The left column shows the simulated time-
series relationship between price-dividend ratios and the share ratios for value portfolio and growth portfolio.
The last row draw both graphs on the same axis. The right column shows the simulated time-series relationship
between the share ratios and returns for value and growth stocks. The last row displays both value and growth
portfolios on the same graph for comparison. Circles indicate time-series averages of the value and growth
portfolios, respectively, and the dashed lines connect the circles to illustrate cross-sectional relations. The
smaller (bigger) circle refers to the growth (value) portfolio.
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Simulated Cross Sectional Relation between Price-Dividend Ratios (Expected
Excess Returns) and the Share Ratios for Value and Growth Stocks — Simulated scatter plots
between the share ratios and price-dividend ratios as well as average returns in the value decile are drawn.
Upper Figure shows the cross sectional relationship between the share ratio and price-dividend ratio in the
value decile. Bottom Figure shows the cross sectional relationship between the share ratio and average returns
in the value decile.
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Figure 4. Simulated Cross Sectional Relation between the Share ratio and 352 — Scatter plot
between average values of simulated 3,2 and average share ratios for assets sorted by price-dividend ratios.
There is a clear negative relationship between the two. In particular, very high values of 3, are associated
with very low share ratios and very low 3 2’s are associated with very high share ratios.
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Figure 5. Empirical Cross-Sectional Relation between Price-Dividend Ratios (Average Re-
turns) and the Share Ratios for Value and Growth Stocks (Data) — Emprical scatter plots between
the share ratios and price-dividend ratios as well as average returns in the value decile are drawn. Upper Figure
shows the cross sectional relationship between the share ratios and price-dividend ratios in the value decile.
Bottom Figure shows the cross sectional relationship between the share ratios and average returns in the value
decile.
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Figure 6. Simulation Results in the Cross Section — The model is simulated with (v, §) = (3.7,1.9)
and (hi,he) = (0.0107,0.089). All the equilibrium quantities for each portfolio in the cross section are drawn
against corresponding price-dividend ratio. In particular, all the x-axes are log price-dividend ratios in the cross
section. As we use parameters that are estimated from the actual cash flow data, underlying fundamentals
such as the share ratio and the coeflicient of variation of the cash flow share are consistent with the data. In
the simulation, 1. the value premium arises, 2. cash flow risk premium shows the value premium, 3. discount
rate risk premium shows the growth premium, 4. cash flow risk premium quantitatively dominates discount
rate risk premium in the cross section, and 5. Sharpe ratios are also consistent with the data.
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Figure 7. Simulated Cross Sectional Return Variation — The model is simulated with the same
parameters that are used in the original model, but with aggregate cash flow risk being turned off: v, 4, is
set to zero. We also carried some experiments by setting vs 4 near zero. Those experiments do not make any
differences; hence we omit the results.
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Figure 8. Comparison between the Model with and without Belief Difference — Both models
are simulated with the same parameters. Thus, (v,d) = (3.7,1.9) and (hq, he) = (0.0106,0.095) are used. For
the second model, we set the belief difference to zero. The cash flow share ratios are the same for both models,
but resulting equilibrium quantities are different.
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Figure 9. Equity Term Structure — The model is simulated using the same parameters that are used
in the original model. Thus, (vy,d) = (3.7,1.9) and (hq, h2) = (0.0106,0.095) are used. Upper Figure shows
the equity term structure based on accounting measure of the cash flow duration such as|Dechow, Sloan, and|
. Since we use T = 29 for the duration year, the computed cash flow duration is monthly
measure. Bottom Figure shows the equity term structure based on the indirect cash flow duration, i.e., price
elasticity with respect to cash flow multiplied by 100 for the purpose of visual clarity. Both Figures clearly
show downward sloping equity term structures along the cash flow durations.
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Appendix A. Basics of the Share Process

We model individual cash flow share process following Menzly, Santos, and Veronesi| (2004), but in a simpler way. Specifically,

we impose a simple structure on diffusion coefficients such that we treat only one idiosyncratic risk while keeping the flexibility of

modeling cash flow processes. The mean-reverting share process is given by (IL.5) such that
dsy = ¢s(5 — st)dt + sea(s¢)dBy, (A1)
where

o(st) = (o, 4(t), 0 (1)),

O = Vs — StV j — 1- St)”(l—s),j’ j=A1
dBi = (dB4(t),dBj(t)),

¢s > 0.

(A2)

|Menzly, Santos, and Veronesi| (2004) show that technical regularity conditions such as s; > 0 and > st = 1 are satisfied in their

specification. The same regularity conditions hold in our specification as the following conditions are met:

s<1 and (1-3s)<1,
- (A3)
¢s >0, (L1=5) ¢—_s and ¢u_s) >0, 5-¢s.

Note that om,n for m = s, (1 —s) and n = A, I are parametrically indeterminate. Hence, adding a constant vector to vs or U(1—s)
to the share process does not change the specification of the share process. This observation enables us to normalize vs and v(1_s)

such that we obtain an identification condition as follows.
Vet (1—8)vi_g =0, (Ad)

where v; is the row vector of v, , and v, ; for i = s,(1 - s)
Given the share process, an individual cash flow D(t) is defined as the fraction of aggregate cash flow, i.e., Ds(t) = s¢Dy.
Applying It6’s lemma to s¢ Dy yields the diffusion process of an individual cash flow Dg(t):

dDs(t)
Ds(t)

=Up, (t)dt + UDS,A(t)dBA(t) + UDSJ(t)dBI(t), (A5)
where

bp, () = pp + ¢s (Si - 1) +EST — 5207 — (1-s)=20" ),
t

A

O-Ds’A(t) = 9D,A + Us,A(t)v ( 6)

op, 1(t) =0, (D),

and 2¢F = Op AUs A and 5865) =0p AV(1-s),A- The covariance between the share process and aggregate dividend (consump-
tion) growth is given by

dsg dD¢\ =CF —CF —=CF
Couv <?t7 E) =557 — [~5 st +Eql (1 - St)] . (AT)

By computing the unconditional covariance from the data, we obtain

ds¢ dD
E {Covt (j, J)} =wvga-0p 4 =E5F, (A8)
st Dy

thanks to the identification condition of the share process, (A4]). Thus we can pin down v, 4 by computing unconditional covariance

between the share process and aggregate cash flow process in the data.

28More details can be found in |Menz1y, Santos, and Veronesi| (]2004[).
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Note that the conditional variance of individual cash flow process is given by

Vare (dis(ig)) = [roa o0 a®)] + [0 )] (A9)

Total variability of individual cash flow can be estimated by unconditional variance. We estimate it by evaluating conditional
variance (A9) at sy = § together with the identification condition (A4). Thus, we obtain

2
(UD,A‘F'US,A) + (’L)s’])?. (A10)

By calculating unconditional variance of individual cash flow process in the data, one can recover v, 1 since v, 4 is already pinned
down previously.
Finally by using (A4), we have
Sv,
V(1—s),j :71737;7 j:Aajz (All)

for both aggregate and idiosyncratic terms, which completes the estimation of fundamental cash flow risk parameters of individual
cash flow process.

Appendix B. Proofs

Derivation of A+ process. By applying It0’s lemma to A+ process, we obtain
1 2 1 1 2 2
S8 = [t gy -1 — 050 — 05700 ()] dt + 050 (0)dB (1) - 61 (1)aB (1), (B1)
where
_ 2 (12
eay-1(8) = 7o+ 63,(1) + 07 (1), (B2)

By rearranging diffusion terms using the relation between two idiosyncratic Brownian motions, we have ﬁtdB?)(t) — 051)(t)dt.
The drift term in (B1]) and —ﬁt0§1)(t)dt are summed up to zero since 7; = 77§2) — nt(l) = 9§1>(t) — 052)(t). Therefore,

dA
— -

O

Derivation of market prices of risks. Since the financial market is dynamically complete, we can use price processes of the

market portfolio and the asset with the share process, s¢, for determining the market prices of risks as follows.

—1
04 Op. A 0 Kp —T dBa
o) M &)\ g™
I opPs,A Op_ 1 KHp, —T I

1 < 9p,,1 (np —7) >
on oo o \— _ (k) _
Tpp,A%Pa 1 \"Op, 4 (Hp = 7) +0p, 4 (ups r)

Bpy —" (B4)
p,A
ops,A 1 ( ) 1 ( (k) )
— - _— —-r
9ps,1 7P, A MPM . opg, I K,
HPM*"”
_ TPy A
IpPs,A k
_%Psag ( _r)_ (k)
Tpg.1 A T pg.1 H‘Ps n

O

Proof of Proposition 1. To solve for equilibrium, we construct a representative investor’s utility function following (1987)
and |Cuoco and He| (1994). This method has been applied in many equilibrium studies such as [Basak and Cuocol (1998), Basak|
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(2000)), [Detemple and Serrat| (2003)), [Basak and Gallmeyer] (2003)), and |Gallmeyer and Hollifield| (2008)). A process is a stochastic

weight in the representative investor’s periodic utility function for computing equilibrium as follows.

M (@/X)T 1 (e/X) 7

U(C,\) = max ) (B5)
citeca<D A\ 1—1 A2 1—7
where C is the aggregate consumption; therefore, C = D.
Using the stochastic weight process, we can write the consumption goods clearing condition as
(£ *(£(2) _
c1 (€2 @) /P2A(®)], 8) + c2(§'9 (1) /A2, t) = D(1). (B6)
By solving equation , we obtain the required result.
O

Proof of Proposition 2. Note that equilibrium stock price can be represented by either one of state price densities across investors
thanks to the Radon-Nikodym derivative, i.e., A+ process. Equilibrium price of an asset with the share process s; is represented

as follows.

o ¢(2)
Py(t) = B [ %Q)STDth]
t &

t

B D < D\ (B7)
e U e )7

1 o) 1 1—~ B
- () (X%)l,vD_W B [/t (1+x/7)’ (Xf) - vSTDTdT]

where

Gt = stztHy,
~
zt = (1+>\t1/ﬁ) s

D'
Xt

In |Campbell and Cochrane| (]1999[) and |Santos and Veronesi| (]2010[), the consumption surplus ratio, S;Y , plays as shocks to

(B8)

aggregate discount rate as a part of stochastic discount factor. Similarly, in our model, H; plays such a role as it governs aggregate
risk. It represents aggregate shock to stochastic discount factor as well as an indicator of economic conditions. When the habit

ratio, H/Ht, is high, the economy goes well and vice versa. By applying Ito’s lemma to the process H; = (Dt/Xt)l’V, we get:

o(2) 7 = (2 T oo 2 (% 1) - o] e opatna | (®9)

Following [Campbell and Cochrane| (1999), [Menzly, Santos, and Veronesi| (2004), and [Santos and Veronesi| (2010), we assume a
simpler process of H; as following@

dH¢ = h1(H — Hy)dt + ho HidB A (t). (B10)

Note that the diffusion process of /\i/q’ is given by

d}\i/’Y
)\i/’Y

= a1 (t)dt + aa(t)dB?, (B11)

29The assumption on the process Hy is very similar to the one in Santos and Veronesi (2010).
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where

11 /1 1
al(t) = 5; (; — 1) ﬁtz, ag(t) = ;'F]t (B12)
. . . . . _ 1/~ vy
Using this, we obtain the diffusion process of z; = (1 + A ) as follows.
da _ 17(7 -1) ( Tt )2 a1 (t) +~ ( ot ) a3(t)| dt + ( Tt ) ozz(t)dB(Q) (B13)
|2 1+ Tta) ? 14z Lo

where x¢ = )\tl/’y. For mathematical tractability, we approximate this process by simplifying /(1 4+ x¢). Belief differences, 7,
determines the process of Radon-Nikodym derivative A;. In our quantitative study, we use 0.02 to 0.2 of n; for firms in value
decile, whose values are adopted from the data. Simulation shows that x¢/(1 + x¢) is very similar to 0.5. By plugging «1(t) and
asz(t) into the equation above and using the approximation that z:/(1 4+ z¢) = 1/2 (see Figure below), we have an approximate

process of z; as follows.

L x &1(t)dt + ao(t)dBYY, (B14)
Zt
where
- 1 1\ _
a=-5(1-2)
) v (B15)
Qs (t) = 57_]15
/(1 + ) with low belief difference /(1 + ) with high belief difference
0.5025 T T T T T 0. T T T T T
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Accordingly, we use this approximate z¢ process for the rest of the proof. In order to get the diffusion process of g, we first compute

the diffusion process of z¢ H¢ as
d(Zth)

= ju, rdt + hadBa + G2dB, (B16)
Zth

where By = a1 + h1 [H/Ht — l]. Based on this process, we have the diffusion process of g: as follows.

d
% = g (t)dt + (US’A(t) + hz) dBa + (dz(t) + as,l(t)) aB?, (B17)
t
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where
5(2)

pg(t) = a1 (t) + ha (% - 1) + ¢s ( - 1) + haog 4(t) + da(t)o ;(1).

St

The drift of dgt, i.e., gifiq (t), is expressed by g¢¢, stz¢ and z¢H; as follows.
Geig(t) = (81(8) + Ga(t)o, 1 (1) + haoy 4 () = b — @6 ) [ae] + b H [se2e] + 65 [z He) (B18)
Note that:

d(seze) = { (@1(0) = ¢ + G2()oy 1 (1)) [se2e] + 6s5 [2)} db + [+ 1dBa + [+ 1dB,

(B19)
d(zeHy) = {(a1(t) — h1) [z He) + haH [z} dt + [---]dBa + [- - |dB\.

Thus, we have a key observation that z:, g, stzt, and z¢H; exists in the drift of dg:. Thus, we take a vector process y;: =

[2t, gt, stzt, 2t Ht]" for computing equilibrium price-dividend ratio. y; follows a diffusion process as follows.
dys = Yiyedt + (y:)dB’' P, (B20)

where X(y¢) is the appropriate matrix of diffusion coefficients, Y1 = [y;j]ax4 is the matrix of drift coefficients:

ai1(t) 0 0 0
0 a1(t) + @z (t)o, (t) + hao 4 (t) — h1 — ¢s hiH 552 (B21)
655 0 a1(t) + az(t)o, () — ¢s 0
h1H 0 0 a1(t) —h
To avoid notational abuse, we denote Y7 as:
yiz O 0 0
0  y22 Y23 You , (B22)

y2a 0 ys3 O
y23 O 0 yaa

where y11, y22, Y33, and ya44 are time-varying functions of 7, s¢, 05, 4(t) and o 1(t). For the feasibility of the computation on the
right hand side of the equation , we approximate all time-varying terms of y;;’s with constants. Approximation with constant
is crucial for obtaining approximate analytical solutions for the given Euler equation.

¢ is the time-varying component in variables that are related to belief difference such as &1+ and &2,¢. ¢ can be approximated

by the time-series average of 7, i.e., 7j;. Thus, &1+ and &2 ; are approximated with 7j¢, and are expressed by @; and @a.

In order to approximate other y;;’s (especially y22 and y33), we follow Menzly, Santos, and Veronesi| (2004) such that we

utilize the normalization condition of the share process that can be found in Appendix A. Normalization conditions for parameters

in the share process, i.e., the equation (A4), are given as follows.

Sv + (1 —5)v1_s =0,
5,4+ ( JV(1-s),A (B23)

Svs 1 + (1 — §)’U(1,S)J =0.

Associated with the condition (B23)), 05,4 and o, are approximated by vs 4 and vg ; when they are evaluated at the long-run

mean of the share, sy = 5. Thus we have

Yoo R a1 + hovs 4 + Q2vg 1 — h1 — ¢s,
s s # (B24)

Y33 X a1 + Vs, 1 + 02 — ¢s.

With this way, all the elements in the matrix Y7 are approximated by constant values. Once approximation is done, then

approximated expected value of Et(2) [gr] can be computed as follows.

B2 lr) = B ar) = B = 2B () (B25)
= e2W (1)t
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where e2 = (0,1,0,0),

V(1) =Uexp (A- 1)U, (B26)

A is the diagonal matrix with its elements being eigenvalues of Y1 and U is the corresponding eigenvector matrix of Y= [%i4], and

finally ~indicates that the variable is approximated. For mathematical tractability, we assume that all eigenvalues are negativem

Thus U is given by:

u1p O 0 0
1
U= | u23 U224 7 (B27)
uzy O 1 0
1 0 0 1
where
Y11 — Yaa
Ul = ————,
Y23
924(2911 — Y33 — Yaa)
u21 = = — ~ —
(911 — 922)(F11 — U33)
oy = D101 =) (329)
723(J11 — U33)
Y23
U3 = —————,
Y33 — Y22
Y24
U4 = ————.
Yaa — Y22
The inverse matrix U1 = V = [v;;] is given by:
vy O 0 0
[ 1 v v
21 23 V24 7 (B29)
vz O 1 0
vg1 O 0 1
where
vi1 = 1/u11,
—u21 + U24 + uU23U31
V21 = ’
U1l
v23 = —U23,
V4 = —U24, (B30)
—u31
V31 = s
u11
V34 = —U34,
va1 = —1/u11.
Using these quantities, we can compute ¥(c). Hence we get Et(z) lgr] = Et(2) [Gt+.] as follows.
FEy [(jt-‘—n] = EQ\II(L)gt = ‘1/1(L)Zt + ‘I/Q(L)tjt + \I/3(L)Stzt + ‘1/4(L)Zth, (B31)
where
\Ill(L) = 1}1111,216@1” + 1)216@22L =+ 1)31’11,236@33L =+ 1)41’11,248@4“,
Us(L) = egQ?L,
® . . (B32)
\113(L) = vg3e¥22"  yg3e¥33t,
Wy(e) = U24eg22L + U24€g44L.

30We follow |Menz1y, Santos, and Veronesi|

(2004) for this. Our simulation study shows that all diagonal

elements are indeed negative.
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Therefore

E§2) [/ qt+bd"} / E( ) [qt—H
0 0

= /Ooo e2 W (¢)gede (B33)
- [T wwa) wo,

where i (t) is the k-th row vector ;. fooo Wy (¢)’s are given by:

oo
v11u21 V21 V31U23 V41U24
/ Uy ()de = [————————},
0

J11 J22 33 Jaa
Wo()de = ——,
ooo Y22 (B34)
v u

/ Uy ()ds = — 23 23

0 Y22 Y33

o0

/ Uy (e)de = -2 ?ﬁ

0 Y22 Y44

The integrations above were conducted under the continuing assumption that all the eigenvalues are negative. Thus, approximated

equilibrium stock price with the share process s is given by:

Pty 220 > ARzeare
-0 3 [ [ o] [249]

=P { {/0“7 \Ill(L)dL] sth + [/Ooo ‘I’Z(L)db} + [/Ooo ‘I’3(T)dL} H% + [/OOO \1/4(L)dL] i} (B35)
o[ o] [ 500 S+ [ waou] et [ 50]
Bs,0 + Bs,1 (Hit) + Bs,2 (i?) + Bs,3 (i?i)

= Ds(t)

where 3, ;’s are

i © W3(e) 2 Wy (e ) /°° Wy ()
= 4 d = —=d = = de. B
Bs,0 /0 2(L)de, Bsn /0 i L, Bs,2 /0 5(2) t, Bs,3 oy L (B36)
Approximate equilibrium price-dividend ratio of the shared stock is, hence, given by
Ps(t) _ ( FI) 52 5 A
— —_— _— . B37
Det) ~ Bs,0 + Bs,1 )T Bs,2 o)t Bs.3 o (B37)

O

Proof of Proposition 3. We find diffusion coefficients of 222t for investor 2. Applying Itd’s lemma to Ps(t) that was derived in

PSt

the previous Proposition, we get diffusion coefficients of =t as follows.

D H
dBj4 : (i)ﬁs,O(UDA‘FUSA ( )ﬁ31<0D,A+vs,A7h2>E

D, @) 5@ g
@ ron (2] (B ratenn ) (22).

dB§2): (%:) (530+531}II{)

o7



dPs, +Ds(t)
P

St

Diffusion coefficients of a shared asset’s excess return - defined as Rs and dRs = — r¢dt - is the same as diffusion

. dPs 1ol . . . .
coefficients of —5=t. Note that equilibrium expected excess return, E [dRs], is given by the negative of the inner product of
St

diffusion coefficient vector of dRs and diffusion coefficient vector of the state price density 552) since equilibrium return is defined
by the covariance between the two quantities Applying It6’s lemma to ft@) =(1+ )\;M)“/(l/X,g)l’“th_W = ththl using

approximate diffusion process of z¢, yields
et /e ~ peydt + (ha — o A)dBa + ao(t)dB?, (B38)

where He(z) =01+ hi(H/Hy — 1) + JQD‘A —pp = hQO'DYAﬁ Since expected excess return is determined by the negative of the
sum of multiplications of diffusion coefficients given in the equation (B38)),

E® [dR, ] ~ [g ((f))} [uﬁ;’ +u§,t] , (B39)
where
i = Bso (UD,A + US,A) (UD,A - h2> +Bs1 (UD,A +v,4— h2) (UD,A - h2> Hit
+B5,20p, 4 (UD,A - h2> % + Bs,3 <UD,A - h2>2 %HEJ (B40)

H
lu‘g,t = g 152 (:85,0 + Bs,li) .
, H,

As was shown above, the diffusion process of the return of an shared asset, Rs(t), is given by

dRs ~ P dt + o 4dBa + o0 dBY, (B41)

s

where “5%25) is the expected excess return given above and both o R, A and o R,,I 8Te diffusion coefficients of dPs/Ps given above. [

31For details, see .

32 Approximate diffusion process of z; can be obtained by applying the same method that we use for approx-
imating Y7, i.e., ¥ and q.
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