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Abstract

For many assets, traders favor either over-the-counter (OTC) or centralized markets.
This paper examines how traders’ choice between these trading venues depends on asset
and trader characteristics. Traders have private information with heterogeneous precision
and their values depend on a common and idiosyncratic component. A trader’s incentive to
choose an OTC market depends on the benefit of learning the asset value and the potential
cost due to price impact. Traders choose OTC markets over centralized exchanges when
the idiosyncratic component dominates in asset values or their private information is
sufficiently inaccurate, and thus, the benefit from learning is high. Market structures
are endogenously determined by traders’ individual market choices. This paper provides
comparative statics of endogenous market structures. When traders are asymmetric,
the OTC and centralized markets can coexist. Furthermore, the OTC market decreases

information efficiency by being conducive to trade only between informed traders.
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1 Introduction

Over-the-counter markets have been an important alternative trading venue for many assets,
goods, commodities, financial derivatives, and securities. In over-the-counter markets, buyers
and sellers are paired and privately choose their own trading terms, while public exchanges use a
centralized trading mechanism such as uniform-price auctions. Many commentators have raised
concerns about the implications of the various market mechanisms for their role in facilitating
information aggregation and efficiency. The goal of this paper is to examine these implica-
tions when traders individually choose a trading venue and the resulting market structure is
endogenously formed by traders’ choices.

Certain types of assets appear to be traded mostly in over-the-counter markets, whereas
others have been traded in centralized exchanges. Corporate bonds, interest rate swaps, index
derivatives, and many liquid financial products are mostly traded in over-the-counter markets,
even with their standardized structures and high volumes of trade. For some assets, the over-
the-counter and centralized markets coexist. For instance, foreign exchange is traded in both
over-the-counter spot markets and centralized futures markets. A good portion of over-the-
counter FOREX trading is in fast venues, such as Currenex, EBS, and Reuters, in which the
foreign exchange spot price is generally the same as the price in centralized futures markets.
This paper examines traders’ incentives to choose over-the-counter markets and whether this
type of trading venue can harm the efficiency of the economy.

This paper characterizes the endogenous market structure in which traders play a Bayesian
Nash equilibrium in the over-the-counter and centralized trading venues. In the first period
t = 0, each trader chooses to enter either a centralized market or an over-the-counter market
that opens at ¢t = 1. In the centralized market, all traders’ demand and supply schedules
determine the single market price. In the over-the-counter market, a pair of traders are matched
to be pairwise stable; and then they trade bilaterally at a pair-specific price. Entering into the
over-the-counter market, a trader observes types of others — the correlation between his and their
asset valuations (buyers and sellers) and their information precision (informed and uninformed).
In both the centralized market and over-the-counter bilateral trades, trade takes place in the
uniform-price double auction, in which all traders simultaneously submit their (net) demand
schedules ¢;(p) : p — R, and the trades clear at price p* such that ), ¢;(p*) = 0. Traders
are uncertain about the value of a risky asset and receive a private signal about the value
before any market opens. Signal precision can be heterogeneous among traders. Their asset
valuations are interdependent and have two components: a common component, which is the
same for all traders, and an idiosyncratic component, which can be correlated heterogeneously
across traders. The common value component captures the asset return or a future price in the
dynamic market. In turn, the idiosyncratic value component captures an individual portfolio

return that is correlated to the asset traded. If traders’ portfolios are correlated (e.g., they



contain the same assets), then the trader’s idiosyncratic values are also correlated.

This trading mechanism is the canonical model for non-competitive markets for divisible
goods (e.g., Kyle (1989), Vives (2011), and Rostek and Weretka (2012)). The uniform-price
double auction allows an explicit treatment of price impacts, which are the key equilibrium ob-
jects that determine traders’ trading behaviors, as well as, the market choices. The literature
based on the uniform-price mechanism so far has maintained a joint symmetry assumptions on
traders risk aversions, the correlation in traders’ asset values, and variance of values and uncer-
tainty. Rostek and Yoon (2017) dispense with any symmetry restrictions to allow heterogeneity
in all characteristics and primitives. One message in this paper is that heterogeneity in trader
and asset characteristics matter for understanding traders’ incentives to choose a market and
endogenous market structure.

Heterogeneity in characteristics affects liquidity and learning for traders. Liquidity is mea-
sured by the price impact, which is endogenously defined as the change of price as a trader’s
demand increases by one unit in equilibrium.! Larger price impacts, i.e. lower liquidity, reduce
traders’ demands and lower their utilities. Allowing traders to condition their private informa-
tion and prices, the demand schedule incorporates inference about values. Hence, price impact
and inference are interdependent. Heterogeneous correlations and information precisions affect
the liquidity and learning separately and determine the incentives for traders to choose an
over-the-counter market.

The first result shows that when the idiosyncratic component dominates the common value,
in the sense that if the dispersion of correlations is larger than the average level of correlations,”
over-the-counter markets are more attractive to traders in terms of both learning and liquidity.
Equilibrium price is a weighted average of traders’ signals and thus aggregates out idiosyncratic
components in centralized markets. When a trader’s value relies more on the idiosyncratic
value, he learns more about this component in an over-the-counter market. On the other
hand, the liquidity incentive is independent of whether the common or idiosyncratic component
dominates. An over-the-counter market allows a trader to choose a counterparty who would
more likely have opposite trading needs (i.e., more negatively correlated asset values), so that
the trader has a lower price impact, while the centralized price mitigates the difference between
values of buyers and sellers. This effect is stronger when traders’ asset values are interdependent
through the idiosyncratic values rather than the common component.

The literature has studied various traders’ incentives to trade in over-the-counter markets or

alternative trading venues. Traders can benefit in over-the-counter trades by searching better

1Other frictions considered in the literature (e.g. search costs, a chance that bilateral trades fail, bid-ask
spreads by dealers, etc.) can increase traders’ incentives to choose centralized markets over over-the-counter
markets, but the results in this paper still hold quantitatively.

2Suppose that p; ; denotes the correlation between individual asset values of two traders i,j. A trader i’s
value is correlated all other traders {p; ;};=;. The variance of these correlation represents the idiosyncratic
component in trader ¢’s asset value, while the average of correlations represents the common component. See
Section 2.



prices in an over-the-counter market (e.g., Vayanos and Wang (2007), Vayanos and Weill (2008),
and Zhu (2013)) or by clearing their large trading needs that cannot be fully exhausted in the
centralized market (e.g., Bessembinder and Venkataraman (2014), Ready (2014), and Degryse,
Jon, and Kervel (2015)). In this paper, even when there is no difference in prices between an
over-the-counter trade and centralized market, the over-the-counter market can open by traders’
choices. This is because, for certain trader and asset characteristics, trading over-the-counter
offers the benefit of improving learning and lowering price impact. Moreover, traders choose
the over-the-counter market when the centralized exchange is competitive. These results show
that the heterogeneous asset values of traders from large idiosyncratic value components are
the new incentive of over-the-counter trading that this paper contributes to the literature.

Second, this paper shows that the incentives to choose over-the-counter versus centralized
markets differ between informed and uninformed traders. Traders with low information preci-
sion (i.e., uninformed traders) benefit from an over-the-counter market because it helps them
learn counterparties’ information. On the other hand, the over-the-counter market discourages
those whose asset values are less idiosyncratic or those with high information precision (i.e.,
informed traders) to participate, since it decreases the likelihood of meeting a counterparty to
trade with and also may increase price impact. The trade-off between information and liquid-
ity incentives in over-the-counter markets creates a cutoff level of information precision. If a
trader’s information precision is higher than the cutoff level, the liquidity incentive dominates
and he chooses to trade in the centralized market. Likewise, with a precision lower than the
cutoff, the learning incentive dominates and traders choose the over-the-counter market.

Taking into account that the market choice are individual, the over-the-counter market will
attract uninformed traders or both informed and uninformed traders. In the over-the-counter
matching, there are two structures of over-the-counter markets depending on a dominant incen-
tive: When the learning incentive dominates for all traders, all prefer to trade with informed
counterparties. An uninformed trader cannot be matched with his preferred counterparty, and
thus, he chooses another uninformed counterparty instead. It creates a same-type (i.e., positive
assortative) matching. On the other hand, if the dominant incentive differs between informed
and uninformed, a cross-type (i.e., negative assortative) matching occurs. With an available
centralized market, however, the cross-type matching does not occur in equilibrium. When an
informed trader values low price impact more than improving learning, he is better off trading
in the centralized market than in the over-the-counter trading with uninformed counterpar-
ties. With only uninformed traders entering in the over-the-counter market, information is not
transmitted between the informed and uninformed traders and the over-the-counter market
aggravates the information asymmetry in the economy.

Moreover, this paper shows that asymmetry in traders is necessary for the two trading

venues to coexist in equilibrium. When traders asset values are interdependent with the same



profile of correlations® and their information precisions are the same, the trading strategies
and incentives in the market choices are symmetric for all traders. With these symmetric
incentives, the endogenous distribution of traders in two trading venues has a corner solution,
in the sense that either all traders choose the centralized market or all choose the over-the-
counter market. With asymmetric traders, endogenizing market structure creates a fixed point
problem between traders’ incentives in market choices and the distribution of traders in two
trading venues. Taking into account that the learning and liquidity incentives are functions of
endogenized market structures, this paper identifies the types of traders trading in the over-
the-counter market in equilibrium. The over-the-counter trading occurs between traders who
have relatively smaller idiosyncratic value components or lower information precisions.

Lastly, this paper develops an algorithm to construct a pairwise stable over-the-counter
matching when the asset characteristic is asymmetric across traders and shows that a stable
matching exists with any arbitrary interdependence in traders’ asset values. Although the
existence of a stable equilibrium in one-sided matching is not trivial, traders’ preference on
counterparties following the ranking of negative correlations ensures that a pairwise stable
over-the-counter matching exists. The stable matching may not be unique if some traders are
indifferent between two or more counterparties, but it does not affect the qualitative results on
the endogenous market structure and the identities of traders who are in each market.

The results in this paper help explain which traders choose the over-the-counter or central-
ized markets, which assets are traded in either type of trading venues, and when centralized
and over-the-counter markets can coexist. Biais and Green (2007) show that transaction costs
and liquidity are key determinants on why most trades for bonds are held in over-the-counter
markets, while Attanasi, Centorrino, and Moscati (2016) explore the effects of lack of informa-
tion in the over-the-counter market on efficiency. This is consistent with this paper’s prediction.
Many financial derivatives such as forwards contracts, interest rate swaps, or equity or credit
linked securities are traded in over-the-counter markets, even though their trading volumes
(liquidity) are large. When these products are held by traders until, or close to, the maturity,
it suggests that the purpose of trading can be hedging of traders’ outside portfolios so that
they are idiosyncratically valued. On the other hand, centralized markets attract assets traded
mostly by arbitrageurs or short-term investors, such as stocks or bonds with short maturity,
which are valued by future prices that are common to all traders. High-yield bonds that have
low credit ranking are often traded in the over-the-counter markets (e.g., Hendershott and
Madhavan (2015)). Low past trading volume and volatile return prevent the traders’ access
to quality information, i.e., low information precision. Moreover, it is possible to increase the

information asymmetry between insiders and other traders.

3Rostek and Weretka (2012) define a symmetric interdependence in traders’ asset valuation by an equicom-
monal model, ﬁ Zﬁéi Corr(6;,6;) = p for all i. The symmetry condition in this paper is stronger than the
equicommonal model. The profiles of correlations {Corr(éi, éj)}j#- are the same for all traders i. However, the
symmetric model incorporates the heterogeneous correlations Corr(6;,6,) across pairs of traders (i, j).



RELATED LITERATURE: Literature has developed theoretical frameworks for over-the-
counter markets for a fixed market structure. How liquidity affects traders’ behavior and effi-
ciency are studied in the literature (e.g., Duffie, Garleanu, and Pedersen (2005), Vayanos and
Weill (2008), Weill (2008), Atkeson, Eisfeldt, and Weill (2014)). Other studies show how pri-
vate information is aggregated in over-the-counter markets (e.g., Duffie, Malamud, and Manso
(2014), Maurin (2015), Babus and Kondor (2016), Back, Liu, and Teguia (2016)). In addition
to these papers focusing on over-the-counter markets, several papers compare these two trad-
ing venues in terms of welfare or individual profit. Observing that an over-the-counter markets
can dominate centralized markets in welfare terms, several authors examine determinants that
favor either market: such as default, search friction, price impacts, or information asymmetry
between sellers and buyers (e.g., Acharya and Bisin (2010), Malamud and Rostek (2014), Duffie
and Wang (2016), and Glode and Opp (2017)). Praz (2015) and Zhu (2014) studies how the
presence of an alternating trading venue affect equilibrium in centralized markets.

Another strand of the literature endogenizes the over-the-counter structure itself by study-
ing incentives to choose a counterparty in over-the-counter markets (e.g., Duffie, Carleanu,
and Pedersen (2005), Golosov, Lorenzoni, and Tsyvinski (2014), Farboodi (2015)). Golosov,
Lorenzoni, and Tsyvinski (2014) consider a dynamic incentive of uninformed traders to learn
information at a cost of low liquidity in trading with an informed counterparty. In this paper,
the joint effect (not necessarily a trade-off) of learning and price impact is the main deter-
minant of counterparty choice. The learning and liquidity effects exist in the static trading
due to the heterogeneity in precision (informed and uninformed traders) and correlation (as-
set characteristics). On the other hand, with heterogeneous preferences, traders search for a
counterparty who can provide a better surplus (Chang and Zhang (2016)) or a better price (in
Zhu (2012)). This paper shows that traders can strictly prefer one market to the other market
or a counterparty to others even though equilibrium prices are the same across. Hence, the
role of heterogeneity in determinants of counterparty choice is new in the endogenous market
structure that this paper contributes to the literature.

The model in Babus and Parlatore (2017) is close to this paper. The authors examine
over-the-counter dealer networks when trading is based on a uniform-price double auction as
in this paper. In their paper, the endogenous choice of a segmented market (or the choice of
a dealer) is determined by a trade-off between the price impact and the level of uncertainty
in asset values. The contribution of this paper, compared to Babus and Parlatore (2017), is
introducing a heterogeneous learning effect in endogenous over-the-counter matching and also
in endogenous market choice.

The objective of this paper is to understand endogenous market structures when centralized
and over-the-counter markets are both available. The choice between centralized and over-
the-counter markets has been explored by several authors. Up to my knowledge, this paper is

first to consider the market formation by all traders. Kirilenko (2000) and Viswanathan and



Wang (2002) consider a choice between trading venues for dealers by non-strategic agents (e.g.
designers, authorities, consumers) maximizing profit or efficiency of the market. Bolton, Santos,
and Scheinkman (2015) consider an entry problem of an informed seller to either market: a
centralized (organized) market or an over-the-counter market with uninformed dealers. In this
paper, all buyers and sellers, informed and uninformed, strategically choose a trading venue.
Endogenizing the market choices of all traders lets the advantage of over-the-counter markets
to be functions of endogenized participation and distribution of heterogeneous traders in two
markets, rather than functions of fixed market structures. Furthermore, no trader has an
incentive to change his market choice given chances in equilibrium with all traders’ market

choices, which provides a notion of the market stability.

2 Model

This paper considers a static economy where two trading venues open simultaneously: a central-
ized market where all traders’ bids are executed at a single market price and an over-the-counter
market where a pair of traders are matched and they trade bilaterally at a pair-specific price.
Figure 2.1 summarizes the economy. Before the markets are open (¢ = 0), traders can choose
which market they would trade in. If a trader chooses the over-the-counter market, then he also
chooses a counterparty he would like to trade with. The market choice and bilateral matching
occur at the end of period ¢ = 0. Traders can trade only once, in one market and with one
counterparty if they are in the over-the-counter market. At trading period ¢t = 1, two assets
— a risky asset (asset) and a riskfree asset (numeraire) — are traded in both markets. The
assets are perfectly divisible. Traders submit their demands to the market they chose at the
entering period, and each market cleared independently. I describe the details below, including

(1) traders and payoffs, (2) information, (3) markets, (4) strategies, and (5) equilibrium.

STRATEGIC TRADERS: There are I < oo strategic traders. Each of trader has a constant
absolute risk-aversion (CARA) utility on quantity trading ¢; net of payment —pg;, where p is

the price in the market he participates in. The ex-post utility is define as
wi(gi, p) = — exp ( — (i — pqi)>-

Here, i > 0 is the risk-aversion that is common for all traders, and 6; is the individual value
of the risky asset for trader i that is randomly drawn from 6; ~ N'(E[6;],03). The conditional

expected utility is equivalent to the mean-variance utility:

Elui(gi, p)|-] = —exp < — w(Eb:]-)ai — pa; — gVar(§i|-)q§)>. (1)
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Figure 2.1: Timing of the economy. ¢;(p) is his quantity demand at a market price p. Trader i has a
private information s; before trading, and their individual asset value 6, is realized at the end of economy and

so does the utility u; based on the realization of §; and equilibrium outcomes g;, p*.

In the CARA-Gaussian settings,’ the conditional variance V(6;]-) is a non-random constant
independent of ¢;, w; or any realization in the markets, while the conditional expectation E[él\]
is a random variable that is determined by conditioning variables. Therefore, the expected
utility (1) is equivalent to a quadratic utility with the coefficient on the first order term being

random, which represented traders’ expectation on asset value.

vi(qi, p) = —— log(—Elui(q:)|-]) = E[0]-]a; — pa; — gvar(éﬂ')fﬁ-

==

Traders’ values (éz)ze 1 are interdependent. The correlation matrix for (@z)z is denoted by
Y = (Pij)ijer with p;; = C’orr(éi,éj). The model allows any arbitrary Gaussian structure
for traders’ asset values. The interdependence of (6;); is interpreted as a combination of a
common value component, which is attributed to the future asset return in the market, and an
idiosyncratic value component, which comes from individual portfolio return consisting of other
assets that are correlated to the trading asset in the market. The idiosyncratic value component
is assumed to be independent to the common value component, but it can be correlated to other

traders’ idiosyncratic value components.” The decomposition of asset value 6; is formalized as

4The CARA-normal settings is the standard of the non-competitive market literature. See Kyle (1989),
Vives (2011), and Rostek and Weretka (2012). The non-competitive trading literature so far has focused on the
cases when traders are symmetric in terms of asset valuations, interdependency, and/or information precision.
One contribution of this paper is incorporating the heterogeneity in both interdependent asset valuation and
information precision.

5This model with arbitrary interdependence of asset values can incorporates various interpretations and set-
tings. For instance, as another interpretation of common and idiosyncratic value components: Each trader gets
a random initial endowment before he enters the market, that can be correlated with other traders endowments.
This private endowment forms his idiosyncratic value component. When the market has more trading rounds
(T >t = 1) after the rounds we are considering in the model (¢ = 1), the asset value at ¢ is determined by



follows:
0, =0+0;, Viel,

where 6 is the common value component and 9; is the idiosyncratic value component of trader
1. The common and idiosyncratic value components are independent and drawn from nor-
mal distribution, 8 ~ N (E[f],02) and (6;); ~ N(0,062%). The idiosyncratic values (4;); are

interdependent by a correlation matrix,

1 pi2 -+ pu
1 ...
Y= (C’orr(di,&j))ij = p.12 _ p_QI
P11 P21 1

The correlations p;; are heterogeneous across pairs of traders (i,j). I impose an assumption,
without loss of generality, that the sum of correlations in a row ) =i Pij 1s normalized to zero
for all 7. This is for keeping the heterogeneity from being additional source of common value,
so that for making a clear separation of information aggregation.

Example 1 shows how the common value and idiosyncratic value components determine ¥

in a simplest and intuitive setting.

Example 1 (Symmetric Interdependence in Asset Values) There are two groups of strate-
gic traders — buyers and sellers — with equal group sizes.’ Each trader has individual asset value

that is decomposed into two independent random variables:

0}=9+5i:{ 00 iTuis abuyer,

0 —46 if i is a seller.

Suppose that Var(0) = ¢%, and Var(§) = o2. Then, the correlation matrix of idiosyncratic

1 |-1
Y= :
-1/ 1
where each block represents (é X é) matrix. From the distributions of common and idiosyncratic

components, the correlation matrix of total asset values (0;); is

values (0;); is

2 2 2 2

i o 1 Ocv + Oiv | Ocv = Oy
) 2 2 2 2 2
Ocy + O Ocy = O4p | Oy + O

the marginal value function, which is a linear combination of individual asset return and future market prices.
Hence, traders’ valuation is interpreted as a combination of idiosyncratic value by holding the asset and common
value by selling it at market price.

6Buyers and sellers are not explicitly determined in this model.



The interdependence of traders asset values is symmetric in this example, in the sense that
the profile of correlation in each row is the same, {pik rti = {pjr}rz; for any i # j. However,
the correlations (p;;);; are still heterogeneous across pairs of traders (é,7). I will consider
this example for further analysis in Section 4, and will show the effects of the heterogeneous
correlations across pairs and asymmetric interdependence across traders on endogenous market

structures. O

INFORMATION: Each strategic trader gets a private information (signal) on his own val-
uation, s; = 91 + ¢; with an independent noise g; ~ N (0,028). The information precision
o =1/ 025 can differ across traders. The private signal s; is realized at the beginning of trading
period ¢t = 1 and privately observed by trader i. The realizations of other traders’ signals (s; ),
and prices in all markets are observed after all trades are done at the end of trading period
t=1.

Heterogeneity across traders, which is the key component in the model, is in both the
correlation structure ¥ and information precision (¢;);. Throughout this paper, I call this pair
of asset and trader characteristics a type. Each trader’s type represents his identity, such as
buyers or sellers in Example 1. It is worth to remark that the type defined in this paper
does not represent the realization of private signal s;. This definition of type is different from
the conventional definition in games with incomplete information. Traders’ types and prior

distribution of asset values and signals are common knowledge.

2.1 Centralized Market (CM) Mechanism

The centralized market is a large market where many buyers and sellers trade at a single price.
I design the centralized market as a uniform-price double auction that is a canonical model in
markets with divisible goods. A strategic trader i who enters the centralized exchange submits
his net demand schedule ¢;(p) : R — R (or a combination of limit and market orders) as a

continuous function of price.

m?iwi(%p) = m?i( {E[éi’5i7p]Qi — P4 — gVar(éilsi,p)q?}, VpeR (2)
ai(- ai(-

Additional L > 2 traders, called liquidity traders, are introduced in the centralized market
who are not given a choice to enter the over-the-counter market. Their presence ensures that the
centralized market always function even when none of I strategic traders choose the centralized
market.” The liquidity traders can be those who could not meet a requirement to enter the

OTC, for example, not enough deposit or credibility. In a later section, I also show that liquidity

"Without this assumption on the presence of liquidity traders, there always exists a trivial equilibrium in
which all strategic traders are in the over-the-counter market, independently of asset or trader characteristics.
Two or more liquidity traders in the centralized market allows a strategic trader ¢ € I who is currently in the
over-the-counter market to consider an individual deviation to the centralized market.

10



traders can be those who do not observe other traders types so that they optimally choose to
stay in the centralized exchange. Each liquidity trader submits their demand schedule g,(p)
based on his own private information. The precision of private information for liquidity traders
are homogeneous and equal to the least informed traders: o, . = max;c; 07_. Also, their asset
values 9~lq are equal to the common value 6 without any idiosyncratic value component. These
assumptions on liquidity traders are to ensure that their presence does not affect the market
choice of strategic traders i € I.

After all demands are submitted, the centralized market is cleared at a price of which
the total demand of I strategic traders and L liquidity traders is equal to zero; p* such that
D ier G(PF) + 2 er @1g(pF) = 0. The equilibrium allocation is determined by the demand
schedule traders submitted, ¢ = ¢;(p*) for any i € (I U L).

2.2  Over-the-Counter Market (OTC) Mechanism

An over-the-counter market is an off-exchange trading venue in which bilateral trades occur
between large institutions. Each trader who is in the over-the-counter market chooses a desired
counterparty based on their types, information precision, and correlation. The choice should
be mutual for two traders to be matched, in the sense that the over-the-counter matching is
pairwise stable.® Each trader has an individual ranking on other traders, and based on the
ranking, the matching will be determined by the algorithm of Irving (1985). If two traders
are matched, they trade and leave the market. If the counterparty choice is not mutual, the
matching fails and the trader searches for another counterparty until he succeeds at matching.
I assume that the search cost is zero to focus on the difference of endogenous incentives in two
trading venues. The over-the-counter market ends when all traders participate in exactly one
bilateral trade or when only a single trader is left.

Once the matching occurs, each bilateral trade is operated by the same mechanism as in
the centralized market: the uniform price double auction. Two traders simultaneously submit
their demand schedules ¢;(p) as functions of price p by solving the optimization problem (2).
The equilibrium price p;; is determined by the market clearing condition: ¢;(pi;) + ¢;(pi;) = 0.
The price p;; is pair-specific in the over-the-counter market. If an equilibrium price does not
exist, then there is no trade and the over-the-counter market ends without any further trade.

The utility of traders in such case are set to be the autarky utility v;(¢; = 0) = 0.

8The equivalence is due to the fact that traders’ private signals are realized after their choice of the counter-
party, and thus, the over-the-counter matching is determined by traders’ ex-ante utility in the trade with each
potential counterparty.

11



2.3 Market Choice and Trading

Based on the trading mechanisms in two markets described in Section 2.1 and 2.2, the strategies
of traders and equilibrium are determined.

STRATEGIES: At t = 0, each strategic trader ¢ € I chooses a market where he enters,
m; € {OTC,CM} and a type of counterparty 7; upon his entering to the over-the-counter
exchange m; = OTC. When the market choice of a trader is m; = CM, we will notate 7; = ()
for the convenience. At t = 1, the trader chooses his demand function ¢ (- : m;, 7;) in market
(my, ;). Therefore, the strategy profile of trader i is {(m;, ), ¢:(- : my, 7)) }. A liquidity trader
J € L in the centralized market has a strategy {(CM,0),q;(-;CM, D)} since she cannot enter
the over-the-counter market.

EQUILIBRIUM: Definition 1 provides three conditions for equilibrium: (i) Bayesian Nash
equilibrium in the double auction in each market, (ii) no incentive to deviate from the over-the-
counter market to the centralized market, and (iii) pairwise stable over-the-counter matching
including a pairwise deviation from the centralized to over-the-counter market. For each trader
i € I, Elu;(m;, ;)] denotes the expected utility with (m;, 7;) for given equilibrium distribution

of traders in both markets.

Definition 1 (Equilibrium) An equilibrium is defined by {(m;,7;), ¢;(- © mi, 7) Yic(runy such
that

(i) traders’ optimal bid schedules {q'(- : m;, ;) }; solving the optimization problem (2) char-

acterize a Bayesian Nash equilibrium in each market,

(i1) no trader in the over-the-counter market has a strictly positive incentive to deviate to the
centralized market: i.e., if (m},7}) = (OTC, 7)) for trader i, then
Elu;(m},77)] > Elu;(CM,0)], Viel; and
(111) the over-the-counter matching is pairwise stable: i.e., there exists no pair of traders (i, 7)
who are not matched such that both traders i and j strictly benefit from breaking their
respective matchings and creating a new matching between them.

Elui(m},77)] > E[u;,(OTC,j)] or Elu;j(m;,77)] > Eu;(OTC,q)], Vi#jel.

i’ 7770

The inequalities in Definition 1 (iii) include the case where either trader ¢ or j (or both)

o —

j
dition ensures that the over-the-counter matching is immune to an entry of a trader from the

choose the centralized market, m; = CM or m CM, in equilibrium. This equilibrium con-

centralized market as well as within the over-the-counter counterparty choice. Furthermore,
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with this pairwise deviation from the over-the-counter to centralized market, a market struc-
ture where all traders choosing the centralized market (i.e. m = CM for all i) is a trivial

equilibrium, independently of asset or trader characteristics.

The following sections characterize equilibrium defined in Definition 1: Equilibrium bid
strategies and outcomes in Bayesian Nash equilibrium for a given market - part (i) - is charac-
terized in Section 3. The characterization allows us to develop comparative statics on traders’
expected utilities over the market, asset, or traders characteristics. Section 4 and 5 show en-
dogenous market structures that are formed by traders’ market and counterparty choice - part
(ii) and (iii) - and analyze influences of the characteristics in traders’ market choices and thus

in endogenous market structures.

3 Equilibrium in Double Auctions

This section shows traders’ bidding strategies in a given market. Equilibrium characterization
in a market provides traders’ equilibrium utility and its dependence on market, asset, or trader
characteristics.

Suppose that there are N traders in a market with a correlation structure of asset values
Y and information precision {¢:}i. Each trader i maximizes his expected utility as in equation

(1). The first order condition is characterized as follows:
E0;|si,p] — uVar(6ilsi,p)ai —p — higi =0, VpeR, (3)

where \; = 0p/dq" is the price impact that represents the change of price when trader i increases
his demand by one unit. A larger price impact implies that each unit of a trader’s demand leads
to a further increase in equilibrium price so that the trader’s demand is reduced by higher price
impact. This demand reduction due to the price impact represents market illiquidity that is
endogenously determined by the traders’ strategies. A competitive market with infinitely many
traders is perfectly liquid and the price impact is zero. In terms of primitives, when there are
fewer traders in the market or when traders are more sensitive to price changes due to inference
or risk-aversion, the market becomes less liquid.

In a trader’ first-order condition (3), he takes an expectation of asset value conditioning on
the equilibrium price p, as well as, his own private information. A trader chooses his bid at
each potential realization of price, and thus, his behavior incorporates the information revealed
by the price as if he observed the price. Therefore, even in the static model, traders make
inference about their asset values by the schedule bidding.

Proposition 1 states three equilibrium conditions for a given market with N traders whose
asset values are correlated by ¥ and whose information precisions are {¢;};: (i) a trader’s

strategy for a given price impact (illiquidity) and inference on asset values (learning); (ii)
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the consistency condition for equilibrium price impact; and (iii) the inference coefficients by
equilibrium price distribution.

Proposition 1 (Equilibrium Representation in a Market) In a market, a profile of de-

mand schedules {q;(-)}; is a linear Bayesian Nash equilibrium (hereafter, equilibrium) if

(1) a demand schedule ¢;(- : \;) mazimizing trader i’s utility is

E[§i|si,p] -r coiE[0;] + csisi — (1 — cpi)p
1Var(6;]s;,p) + A uVar(0isi, p) + A

[ 3

where E[§i|si,p] = ¢, E[0;] + 58 + ¢paD,

(ii) price impacts satisfy the consistency condition

(2 = (S 2o

Iy i wiVar(0;)s;,p) + A,

(111) inference coefficients {cp;, Csi, Cpi} in E[éi\si,p] and conditional variance Var(éi\si,p) are

determined by the Projection Theorem, with equilibrium price distribution following

p= (Z (1~Z_ Cp,'i) -1 Z CQ ) + Cs,iSi

uVar( 0 |sz,p) + A

A trader’ indirect utility in equilbrium can be written as a function of his price impact A;,
expected asset value E[f;]s;, p] conditioning on (s;,p), and conditional variable Var(6;]s;, p).

Ex-ante utility of trader ¢ in a give market is

uVar(f)s;, p) + 2X;
2(uVar(6ilsi, p) + Ai)?

Blu] = B[ —exp ( - (Bl6]si.7) = )]

The Gaussian structure of {QNZ, si}i generates the difference in individual expected asset value
from equilibrium price, (£ [9~Z—|si, p] — p), follows a normal distribution. Thus, the expectation
on the right hand side of the above equation is in the form of the moment generating function

for x7 distribution. It provides an explicit formula for the ex-ante indirect utility:

Elu;) = —(1 +

1+ QXZ- Var(E[éAsi,p] —p) >—1/2 Vi (5)
) C

(1 +/):i)2 Var(éﬂsz‘,l?
—— N

~
liquidity effect learning effect

Here, N = (Var(8;|si,p))~' )N is a normalized price impact by the quadratic coefficient

1V ar(6;]s;, p) of trader i’s mean-variance utility. Trader i’s ex-ante utility £[u;] can be decom-
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posed into two parts: the value of liquidity and learning. The benefit of liquidity is captured
by the term (1 +2X;)/(1+ A)2 =1 — (A;/(1 + X)) Recall that trader i’s demand is reduced
by a fraction A;/(1 + A;). In that,

Ai E[0;]si,p] — p Py
i = 1- N ={l-——= :* )
4 ( uVar(0:|s;,p) + )\i> wVar(0;|s;,p) ( 1+ )\Z-> »)

where ¢*(p) is the demand of trader i in a competitive market for a given price p. The
demand reduction lowers utility with the same fraction. The liquidity benefit in utility terms,
called liquidity effect, increases as the normalized price impact Xz increases. On the other
hand, the utility (5) contains the term Var(E[6;|s:,p] — p)/Var(f;|s;,p) that captures the
benefit of learning from price and private information. Equilibrium price aggregates all market
participants’ private information on asset values. Traders learn the aggregated information
from conditioning on price. It decreases the risk in uncertainty of the trader’s own value 6;
and thus increases his expected utility through the term Var(§i|si, p). In addition, the price
determines the net surplus F [9~¢|Si, p] — p of buying a unit of asset. Such information on the
future surplus influences the trader’s utility through Var(E[6;|s;,p] — p). The total benefit of
learning the trader’s own and others’ valuation, called learning effect, is incorporated in a form

of ratio in the expected utility (5).

3.1 Equilibrium Utilities: Learning and Price Impact

Now, this section characterizes the main objects of an equilibrium. Three characteristics can be
considered in this model: market size (market characteristic), interdependence of traders’ asset
values (asset), and precision of private information (traders). Each characteristic affects learning
and liquidity in traders’ utilities. This section examines these effects of the three characteristics
in a model with symmetric interdependent asset values and symmetric information precisions

across traders.

Definition 2 (Symmetric Traders) Traders are symmetric, if
(i) the profile of correlations {p;;};-i is the same for all i; and
(i1) the information precision ¢; = ¢ is the same for all i.

With the symmetric traders defined in Definition 2, traders submit symmetric strategies in
each market, but the correlation of asset values is still heterogeneous across pairs, C’orr(éi, éj) =
pi; can differ for each pair (7,j), which is the key heterogeneity in traders’ market choice.

Asymmetric traders with asymmetric correlations and information precision will be considered
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in Section 5. Example 2 and Proposition 2 show how the three key characteristics affect the

ex-ante utility of each trader in symmetric markets.

Example 2 (Symmetric Interdependence and Precision) Consider a market with N traders.
All traders have a symmetric information precision ¢; = 1/‘7@'2,5 = ¢ and a symmetric average
correlation to the residual market p; = ﬁ Z#i pij = p for alli. Each trader’s optimal schedule

and equilibrium price are
E[6;]s;,p] — p _ coE[0] +cssi — (1 —¢p)p
uVar(6;|s;, p) + A ©Var(0;]si, p) + A
1 1
P =7 (coE[0] + Cs7 Z Si) = (coE0] + cs5).

bl )

1—¢

Here, the liquidity and learning effects in trader i’s ex-ante utility are characterized by the price
impact and conditional variances:

~ A (1+ (= 1p)(1+0*—p)

N WarGsy) U=+ + (- 1P +1-21- DA +0?)p— U - DI -7

5 _(A+)+ U —2p-(I-1)p* , ils. ol _
Var(0;|s:,p) = Aot I Dp) o7 = ﬁ)ae, Var(E[0;]s;,p] — p)

Trader i gets the ex-ante utility E[u;) = —(1 + &)™ where

_ (A=p 11,
l+o02—p 1 °

1+ 2N Var(E[6:|si,p] — p)
<1+/)\\2)2 Var(éilsiap) '

&=

The liquidity effect on utility is captured by the term (11?)22 With this closed-form solution

of inference parameters and price impact,

1+ﬁi:1_(x y:1_< (1+0%—p)(1+ (I —1)p) >2
(1+N\)? 1+ A I-1D)(1-p)(A+o>+ (I —-1)p)/

The liquidity term increases as I increases or p decreases. Larger market size and/or more
negative correlation with others on average results in more liquidity, and thus higher utility for
traders. When the information precision ¢ = 1/0? increases, the endogenous liquidity of the

market increases if p > 0, and decreases if p < 0.

°In asymmetric markets, in the sense that the profiles of correlations {p;;};«; are heterogeneous across
traders, as well as, across pairs (4,j) and/or that information precision ¢; are heterogeneous, traders’ optimal
trading strategies are asymmetric. The effects of characteristics in traders’ behavior and utilities in this section
and the comparative statics on endogenous market structures in Section 4 can also be applied to asymmetric
markets. This section focuses on the symmetric market, in order to avoid technical complexities.
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The effect of learning from the price on utility is measured by

Var(El6i|si,pl —p)  I—1  (1=p*(1+0*+( —-1)p)

Var(0;|s;, p) I o*((1+0%)+(I=2)p—(I—-1)p*)

which is increasing in information precision ¢ = 1/0?. The effect of average correlation p is
ambiguous. The utility component due to learning is decreasing with respect to p, if and only
if, 1402+ (21 =3)1+0?)p+ (I =3)(I—-1)p*— (I —1)**>0. O

Proposition 2 characterizes the effects of each characteristic - market size, correlations, and
information precision - on traders’ expected utilities through learning and liquidity, when the

other characteristics are fixed.

Proposition 2 (Liquidity and Learning Effects) For a given market, the equilibrium util-

ity of a trader i increases as

(i) the number of traders in market N is larger; or

(i1) asset values are more negatively correlated to price, i.e., corr(6;,p) are more negative.
The equilibrium utility is non-monotone in the average information precision, i.e.,
(111) information precision ¢*, € (0,00] of other traders maximizes trader i’s utility.

The effects of the number of traders (part (i)) on learning and liquidity have been studied in
literature. In a sufficiently symmetric market, with more traders participating in the market,
price reveals more accurate information. Moreover, price impact can be small in large markets,
when other characteristics are fixed (See Rostek and Weretka (2012)). Proposition 2 (ii),
however, suggests that the benefits of large markets in learning and liquidity are not necessarily
true if traders in each market, large or small, have heterogeneous asset valuations. Suppose
that the equilibrium price in a small market exhibits greater negative correlations with trader
t’s asset valuation. Price provides new information that is not captured in trader ¢’s private
information, and with larger correlation in the absolute sense implies that the information is
more relevant to his asset value. This learning effect is captured by the decrease in conditional
variance V (6;|s;, p). The correlation structure also affects the liquidity through the endogenous
price impacts );. The price impact is characterized by the slope of the residual supply curve,
A = —(Z i dq;(+)/ Op)fl, that is an inverse of the aggregate reaction of other traders when
price increases. With more negative correlations, trader j # ¢ would rely more on the price for
his inference, in the sense that ¢, ; is more negative. This makes his demand more elastic to
price change and thus trader ¢’s price impact is smaller. Hence, his equilibrium utility increases
due to both learning and liquidity as the correlation between his asset values and price is more

negative. From the arguments, more negative correlations between traders’ asset values and/or
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more traders in the market are beneficial to both learning and liquidity. These conditions of two
characteristics jointly determine traders’ incentives to choose a market, which will be examined
in the next Section 4.

In addition to the joint condition of market size and interdependent asset valuation, the
last characteristic that affects equilibrium is the precision of traders’ private information. In-
formation precision has an ambiguous influence on traders’ expected utilities. The value of
learning increases when the trader’s own information precision is lower or when the (weighted)
average of other traders’ information precision is higher. At the same time, the price impact
increases, and thus, the liquidity decreases. It creates a trade-off between learning and liquid-
ity when the precision of information from the price changes. The trade-off between learning
and liquidity over traders’ information precision is shown in Figure 3.1. As a result, trader i’s
utility is non-monotone with respect to the other other traders’ information precision. If his
precision is sufficiently low, the learning effect dominates the liquidity effect, so that his utility

is monotonically increasing in others’ precision.

liquidity over o, o,=0.5 information over o, o, =0.5
oz B0
015
40
0.1
20
0.05
0 ]
] 1 2 3 4 ] 1 2 3 4

Figure 3.1: Liquidity and learning effects with respect to other traders’ information precision
1/0’2. A trader i has a information precision ¢; = 1/0? = 1/0.25 = 4. The liquidity effect and the learning
effect in his expected utility (5) are shown in each graph respectively. Two effects are monotone over the other
traders’ information precision ¢y = 1/02 = avg(1/07);21.

The comparative statics show the types of traders who would enter an over-the-counter
market based on the interdependence of asset values and the precision of their information.
The ambiguity in the influence of information precision on traders’ utilities will be considered

as a key determinant of traders’ market and counterparty choices.

4 Endogenous Market Structure

Traders’ individual choice for markets and counterparties forms a distribution of traders’ types
in centralized and over-the-counter markets and also an over-the-counter matching. This is
called a market structure. This section characterizes endogenous market structures by using

the comparative statics developed in the previous section. There are three types of market
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structure: only centralized market opens, only the over-the-counter market opens, and both
markets co-exist. Example 2 with a competitive centralized market (i.e. perfectly liquid market
with A; = 0 for all i) provides some intuition on endogenous market structures. The competitive
centralized market maximizes the difference in market sizes. The example shows that traders
can still be attracted to the over-the-counter market with certain condition for asset and trader

characteristics.

Example 1 & 2 - Cont’d Equation (5) provides the explicit formula of expected utility when
there are N symmetric traders. The utility from the centralized trading is derived by taking N
to infinity, while the utility from a bilateral trades in the over-the-counter market is by setting
N = 2. With these ezx-ante utilities in two exchanges, trader v chooses which exchange he wants
to participate in. Under the equilibrium existence, the necessary and sufficient condition for
him to enter the over-the-counter exchange is as follows:

1 —pem —2porc
EufM < Eluf?Y] < 1 .
[ i ] [ i ] 0_2 1+0_2 +POTC {poTc<0}
where 1y is the indicator function. Here, pcy = 02(’%;2 18 the average correlation in the
centralized market and porc = % 15 the correlation between two traders who are matched

in the over-the-counter market, which are sufficient statistics on Corr(6;,p) in two markets.

Consider the following canonical assumptions on traders’ asset valuation:

2 = 0,02 =1, and p = 0. With independent private

e [ndependent Private Value: o, Nops

(idiosyncratic) value, traders get no gain-to-trade in the over-the-counter market, i.e.,
rﬁ%lpm"c<0 = 0, while they get strictly positive equilibrium utility 1/0*. Therefore,
all traders choose the centralized market, and the over-the-counter market does not open.
Independent private value structure implies that the market has no valuable information
to any trader (no learning occurs), so all traders choose the centralized market to benefit

from the liquidity.

e Fundamental Value (Vives (2011)): o2, =1 — a,02 = a with a constant a € (0,1), and
p=0. Taking a — 0, the fundamental value model includes the common value: 0, =0 for
all i. With the fundamental value model, the over-the-counter trade provides no gain-to-
trade since porc > 0. On the other hand, traders get strictly positive equilibrium utility
€/o?, and thus, all traders choose the centralized market. The over-the-counter market

does not exist. Fundamental value model does not incorporate heterogeneous correlations
o2

o2, +0o3,

it concludes that the heterogeneous correlation is necessary for a trader to choose the

across pairs of traders, in the sense that Corr(éi, 9}) = for any pair (i,7). Hence,

over-the-counter market.

o Two-Sided Market with Buyers and Sellers (Ezample 1): 02, = 1—a,0% = a, and p = *1.
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Traders choose the over-the-counter market if and only if

a 4a —2 2-302+./(2+302)2 802 1 2a(1 —a)
< —F5 < > > = d ——=<o”
o2 2= 2+ 02 ¢ 1 2 M T3a—2 ©°

w is sufficiently large precision is ;'Ljﬁiciently low

(6)
Traders prefer to trade in the over-the-counter market if the idiosyncratic value com-
ponent in asset values is sufficiently large and the information precision is sufficiently

small.

When the centralized exchange is competitive, the liquidity incentive strongly derives traders to
avoid higher price impacts in over-the-counter bilateral trades. Hence, participation to the over-
the-counter market occurs only when the benefit of learning from the market is high enough to
dominate the loss from illiquidity. When the aggregated correlation pcy = ﬁ Z#i pij satisfies
|pca| < |pl, the price informativeness is higher in the over-the-counter exchange and thus the

benefit from learning is higher. 0

The predictions from the above example hold generally in the model with a non-competitive
centralized market and/or with asymmetric traders. (i) Traders choose the over-the-counter
market over the centralized market if the idiosyncratic value component in asset values is
sufficiently large and the information precision is sufficiently small; (ii) The over-the-counter
market does not exist if there is no heterogeneity across traders’ asset valuation.

Proposition 2 showed that equilibrium utility of a trader increases as the number of traders
who are participating in the market increases or as the correlation between his asset value
and the market price is more negative. With the presence of L > 2 liquidity traders in the
centralized market the number of traders (hereafter, market size) is larger in the centralized
market and its effect encourages traders to enter into the centralized market. However, the effect
of correlation between asset value and price is the opposite. In the over-the-counter market, a
trader can target a counterparty that has the most negative correlation, while the correlation
with the CM price is determined by the average correlation over all participants. Hence, the
effect of correlation Corr(éi,p) supports traders choosing the over-the-counter market. It is
worth emphasizing that from the comparative statics in Proposition 2, the correlation effect
reduces the price impact, as well as, improves learning. Hence, the benefit of more negative
correlation in the over-the-counter market is not only from better learning but also from low
price impact.

The effects of market size and correlation create a trade-off in the traders’ choice of market.
Theorem 1 examines when the correlation effect would dominate and provides a sufficient and
necessary condition such that the trader prefers to trade in the over-the-counter market and

endogenous market structure following the traders’ individual market choices.
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oTC CM
# of trader 2 < L+1

corr(0;,p) | corr(0;,60;) < I—ilzj#corr(éi,éj)

Table 1: Traders’ market choices and trade-off between market sizes and correlations

Theorem 1 (Endogenous Market Structure) The over-the-counter market opens in equi-

librium by some traders entering into the market, if and only if
O-in (o-gv + 0-1'211) > '%({QSZ}H Z) and gbl = 1/01'2,5 < &i(o-cva Oiv, E)
for some bounds k < oo and le > 0.

The first inequality in Theorem 1 implies that traders choose the over-the-counter market
when their asset values are sufficiently heterogeneous by having a large variance of idiosyncratic
value component o2 /(02 + 02,). It implies that the targeted bilateral trades in the over-the-
counter market can benefit a trader, in terms of both learning and price impact. Suppose that
a trader (say, a buyer) has a negative correlation with sellers but has a positive correlation with
another buyer. When both buyers and sellers participate in the centralized market, the price
that aggregates values of all traders mitigates the correlation so that the average correlation
p gets closer to zero. In a bilateral trade, the correlation with a single counterparty (i.e.
seller) can demonstrate a greater negative value than the average correlation in the centralized
market. The difference between these correlations can be enhanced when the asset valuation
relies more on the idiosyncratic value component than the common value component. This
helps explain why assets that have a strong common value component tend to be traded in
the centralized market, while assets that are heterogeneously valued tend to be traded in the
over-the-counter market. Furthermore, the second inequality condition in Theorem 1 shows
that the dominance of correlation effect is strengthened by low information precision. This is
because the trader’s inference depends more on the price, so the difference between correlations
is emphasized more in the trade-off between the effects of market size and correlations. The low
information precision, a characteristic of traders, creates a joint condition with the sufficiently
heterogeneous asset valuation, a characteristic of assets, for the over-the-counter market to be
chosen by traders in endogenous market structure.

The predictions in Theorem 1 are consistent with financial markets. Many over-the-counter
products, such as forward contracts or corporate bonds, are traded for the purpose of hedg-
ing. The portfolio they need to diversify is idiosyncratic so that asset values are valued by

idiosyncratic value components. On the other hand, stocks or options that are often traded by
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speculators are valued by the common values, which are the future prices in the market.'’ It
should be noted that the condition for over-the-counter markets to exist is a joint condition on
asset valuation and information precision. Bonds with low credit rating, which traders would
not have precise information due to its volatile value, are often traded in over-the-counter mar-
kets. Alternatively, treasuries and high ranked bonds are also traded in centralized futures

markets, even though they are valued idiosyncratically.

The following two corollaries show some properties of traders’ market choice and endogenous
market structure, other than learning and liquidity in this paper. These properties have been
studied in literature. Namely, the literature has shown that the over-the-counter markets can
be beneficial for (i) providing an additional trading opportunity to traders who could not fully
clear their trading needs in centralized markets, and for (ii) allowing traders to search for better
prices than the centralized market price. Despite these benefits of trading in over-the-counter
markets being present in this model, Corollary 1 and 2 show that the over-the-counter market
can be still chosen by traders even without the illiquidity in centralized markets or the price

difference between trading venues.

Corollary 1 (OTC with a Competitive CM) Suppose that the centralized market is com-
petitive, i.e., the number of liquidity traders is large, L — oco. There exists a set of correlation
Y and precision ¢, satisfying the inequalities (6), such that all strategic traders choose the

over-the-counter market over the competitive centralized market.

Corollary 1, as seen in Example 2 - Cont’d, shows that traders may prefer to trade in the over-
the-counter market even when the centralized market is perfectly liquid, and thus, all traders
choose to trade over-the-counter and only liquidity traders participate in the centralized market.
Recent studies (e.g., Bessembinder and Venkataraman (2014), Ready (2014), and Degryse, Jong,
and Kervel (2015)) show that the over-the-counter market or off-exchange trading venues can
open because of the illiquidity (i.e. non-competitiveness) of centralized markets: Trading needs
of institutions who have large endowments may not be fully absorbed in the centralized market,
and thus, these traders would trade in all available trading venues subject to the entry costs.
An over-the-counter market is a platform that provides more trading opportunities. Traders’
improved learning about heterogeneous asset values can favor the choice of an over-the-counter

market, even if the price impact were lower in the centralized market.

Corollary 2 (No Price Difference in OTC and CM) There ezists a set of primitives such
that the expected prices are the same in two markets and traders choose the over-the-counter

market.

10 Another canonical example on over-the-counter products is a housing market. Even though the unit demand
for houses does not directly fit the divisible good model in this paper, the intuition carries over. Houses are
valued in different aspects by different traders, and through brokers, the over-the-counter market matches a
buyer and a seller who have highly correlated valuations.
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Literature that studies an over-the-counter market mechanism with search and bargaining
(e.g., Zhu (2013), Vayanos and Wang (2007), and Vayanos and Weill (2008)) shows that traders
choose to trade in over-the-counter markets when searching for better prices. Traders can choose
an over-the-counter market even when the prices in the two markets are the same (Corollary
2). This is because, for certain traders and asset characteristics, trading in over-the-counter

markets offers improved learning and lower price impact.

5 Market Structure with Asymmetric Traders

Theorem 1 examined a trader’s choice between the over-the-counter and centralized markets
and the endogenous market structures. The key characteristics is the heterogeneous correlations
in asset valuation Corr(6;,6;) across pairs of traders (7,). This section considers the effects
of other types of heterogeneities: namely, heterogeneous correlations across traders, not only
across pairs, and heterogeneous information precision. A model with such heterogeneities across
traders is called an asymmetric model, and a model without the heterogeneities a symmetric
model (See Definition 2).

With symmetric traders, all bilateral matches in the over-the-counter market are identical
in the sense that the correlation between two matched traders is the same for all pairs and
Corr(6;,0;) = min;.; Corr(6;,0;) for any i. It leads all traders to have equal incentives to choose
either market by fixing the correlation difference between the two markets to be symmetric for
all traders. All strategic traders are symmetric in the market choice. On the other hand,
the incentives to choose either market can differ by traders in asymmetric markets, and thus,
the incentives of traders in the choice of the market are functions of distribution of traders
in two markets as well as of endogenized market structure. The next theorem shows that the
asymmetry across traders is necessary for the coexistence of two trading venues: the over-the-

counter and centralized markets.

Theorem 2 (Coexistence of CM and OTC) The centralized and over-the-counter market

coexist in equilibrium only if traders are asymmetric.

Suppose that a trader gains from deviating from the over-the-counter to centralized market.
His deviation increases the market size in the centralized market. With the fixed correlation
difference as discussed above, the incentive to deviate from the over-the-counter market to the
centralized market for the next trader is even stronger. Recursively, all traders end up choosing
the centralized market. The deviation from the centralized market to the over-the-counter
market follows the similar argument, by recursively increasing incentives to deviate due to
decreasing market size in the centralized market. It concludes that the endogenous distribution
of traders in two trading venues has a corner solution when traders are symmetric. Equivalently,

the over-the-counter and centralized markets can coexist in equilibrium only if traders are
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asymmetric: in the sense that either (i) the profile of correlations {p;;};.; is asymmetric or (ii)
the information precision ¢; is asymmetric across traders.

In an endogenous market structure in which both trading venues coexist, some strategic
traders choose the over-the-counter market while other traders choose the centralized market.
The next sections examine which types of traders are more attracted to the over-the-counter
market versus which are more attracted to the centralized market. Section 5.1 explores the effect
of heterogeneous correlation profiles and Section 5.2 examines the heterogeneous information

precision in both endogenous over-the-counter matching and market structure.!!

5.1 Asymmetric Interdependence of Asset Valuations

Suppose that traders are asymmetric in the sense that their profiles of correlation {p;;};; differ.
In the over-the-counter market, each trader can choose his counterparty based on the type, i.e.
correlation structure. The matching fails if the choice of the counterparty is not mutual. In
addition, even when two traders are matched, the trade does not occur if the traders have
positively correlated asset values. In that, if Corr(6;,0;) = po > 0, traders optimal bid function
becomes inelastic so that there is no trade. No trader chooses a counterparty whose values are
positively correlated with his. Consequently, if a trader ¢’s asset value satisfies C’orr(éi, 6’~]) >0
for any j # i, i.e., his asset valuations are positively correlated with all other traders, then he
gets zero gains-to-trade in the over-the-counter market which makes him enter the centralized
market.

Recall that the over-the-counter matching is determined by traders’ ranking on counterpar-
ties and that a trader prefers to trade with the one whose value is more negatively correlated
with his. Traders who have relatively less negative correlations may not be matched with whom
he wants, or he may not be matched with anyone. These traders will not be chosen by the ones
that they want to be matched with. This lowers the benefit of the over-the-counter market and

makes them choose the centralized market.

Proposition 3 (OTC Matching with Heterogeneous Correlations) Suppose that traders
are asymmetric in correlation structures but symmetric in information precision. There exists a

pairuise stable over-the-counter matching determined by the ranking in the negative correlations

(=Corr(6;,0;)) of pairs of traders.

The pair-wise stable over-the-counter matching is determined by the following algorithm:

HSince their incentives in the choice of the market are functions of endogenized market structure, traders’
market choice and endogenous market structure create a fixed point problem in equilibrium. This complexity
makes it difficult to analyze endogenous market structure in general. Hence, the two-dimensional asymmetry -
heterogeneous correlation profiles and heterogeneous information precision - will be considered separately. The
results from each heterogeneity can be jointly studied in a model with an arbitrary correlation structure and
information precisions.
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STEP-1. Two traders, who have the most negative correlation among all pairs, are matched
and the matching is denoted by (i1, 71). If there are multiple pairs that have the most

negative correlation, select one pair randomly.

STEP-2. Eliminating the selected traders, select the most negative correlation among the

remaining paper and create another pair: called (i, j2).

STEP-3. Repeating this procedure until there is at most one remaining trader in the over-the-

counter market, and then the over-the-counter matching is determined {(it, ji) }t=12.....

In general, a stable equilibrium may fail to exist in one-sided matching problems. However, if
traders are asymmetric only in correlation structure, a pairwise stable over-the-counter match-
ing always exists in endogenous market structure with the endogenized choice of market and
counterparty. First, the ranking based on negative correlations in Proposition 3 guarantees
the transitive property on ranking. It is shown by the fact that the rankings of traders
do not create any circular preferences. Suppose that there exists traders ¢, 7, and k£ whose
rankings are circular: i prefers j to k, j prefers k to ¢, and k prefers ¢ to j. By Proposi-
tion 3, it implies that Corr(6;,6;) < Corr(6;,6;) < 0, Corr(6;,0;) < Corr(6;,6;) < 0, and
Corr(fy,0;) < Corr(f;,0;) < 0. Hence, the correlations between the three traders satisfy
Corr(0;,0;) = Corr(8;,0;) = Corr(fg,0;), and thus, each trader is indifferent between the
other traders in his counterparty choice. In addition to the stability, the individual market
choice keeps a trader from not being matched in the over-the-counter market. A trader who
fails to find a counterparty in the over-the-counter market deviates to the centralized mar-
ket. Therefore, a stable over-the-counter matching exists in equilibrium due to the ranking
mechanism in Proposition 3 and the endogenized market choice between over-the-counter and

centralized markets.

5.2 Asymmetric Information Precision

In order to understand the effect of heterogeneity in information precision on endogenous market
structure, suppose that traders are asymmetric only in information precisions but symmetric
in the correlation structure, i.e., ¢; is different across ¢ but the profile {p;;};- is the same for
all 4. Proposition 2 (iii) shows that a trader’s equilibrium utility is non-monotone over other
traders’ information precision. A trader prefers an informed counterparty to improve learning,
but he would prefer an uninformed counterparty to have a lower price impact. Concerning
this trade-off between learning and price impact over the information precision of counterparty,
Proposition 4 shows how a trader ranks the counterparty depending on his own information

precision.

Proposition 4 (Trade-Off in Learning and Price Impact over Precision) In a bilateral

matching between traders i and j, the equilibrium utility (5) of trader i satisfies that
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(i) the liquidity effect i+i’\)2 decreases in ¢;; and

Var(E[fi|si,p]—p)

(i1) the learning effect Var(Bils:.p)

increases in ¢;.

The liquidity effect dominates the learning incentive if and only if the trader’s own precision ¢;

is sufficiently high.

In the trade-off between learning and price impact, which effect dominates depends on the
trader’s own precision. If trader ¢’s own information precision is already high, lower price impact
is more valuable than better learning so that he chooses a relatively less informed counterparty.
On the other hand, if his precision is low he prefers a more informed counterparty for better
learning. The trade-off between learning and liquidity gives a non-monotone preference on the
counterparty’s information precision, in the sense that the optimal counterparty’s information
precision (¢—;); = argmaxy ,_y/,2 Elu;; OTC(i,j)] is determined in the interior of support
(¢p—i)F € (0,00) for traders with sufficiently large ¢;. Furthermore, the optimal counterparty’s
precision (¢_;)7 is decreasing in trader i’s own precision ¢;.

It is useful to consider a model with two types of information precisions, informed and
uninformed types. The information precisions of two types are assumed by ¢y = 1/07 <

= 1/0%?. With two informational types, the over-the-counter matching is either positive
assortative matching (i.e., same-type matching) or negative assortative matching (i.e., cross-
type matching).'”” The same-type matching is when traders are matched with other traders
with the same type, and cross-type matching is when informed and uninformed traders are
matched to each other. Figure 5.1 presents regions of {07, 0%} for the same-type and cross-
type matching in equilibrium. First, consider the case where informed traders have sufficiently
high precision (small o;) and uninformed traders have sufficiently low precision (large oy).
Both types of traders choose to trade with the opposite type of counterparty, with different
incentives: informed traders get benefit from liquidity incentive, and uninformed traders benefit
from learning incentive. Hence, the cross-type matching occurs in equilibrium. Outside of this
region, equilibrium shows the same-type matching. When the precision levels for both traders
are high (small o; and o), liquidity incentives dominate and all traders want to be matched
with an uninformed counterparty. As a result, some informed traders can not be matched
with their preferred counterparty. Since there is no more matching opportunity, the informed
traders optimally shift their counterparty choice to a less preferred counterparty, informed
traders. Hence, the same-type matching occurs in equilibrium. Proposition 6 in Appendix
shows a sufficient and necessary condition for the cross-type matching equilibrium, in terms of

information precision (o7, oy) and correlation structure X.

12 The non-monotone ranking on counterparty’s precision may prevent an assortative matching in over-the-
counter markets. However, I am expecting that there exists an endogenous statistics in which the matching is
assortative.
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Equilibrium OTC matching; p =-0.5

same group matching
informed prefered

cross group matching
same group matching
uninformed prefered
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Figure 5.1:  Equilibrium matching in OTC subgame: Each region shows an endogenous over-the-
counter matching, either same-type matching or cross-type matching between informed and uninformed traders.
All traders are assumed to be in the over-the-counter market. The z-axis is the noise variance of uninformed
traders while the y-axis is of informed traders. o2, = 0.25,02 = 0.75 and min;; p;; = —1.

With the presence of the centralized market, an over-the-counter market in which two
informational types match does not exist. When the informed type follows lower price impact
rather than better learning, he can be better off trading in the centralized market than in the

over-the-counter trading with uninformed counterparties.

Proposition 5 (No Cross-Type OTC Matching) Suppose that there are two precision types
o2, € {02;, < 0i,.}. Witha? > 6% >0, there is no over-the-counter trade between informed

and uninformed traders (i.e., cross-type matching).

Figure 5.2 presents an example of endogenous market structures through traders’” market
and counterparty choice. The left panel three types of equilibrium: all traders choose the
centralized market (when both o; and o are small, and learning is not sufficiently valuable to
either of them); only uninformed traders choose to trade in the over-the-counter market (large
oy but small o7); and all traders choose the over the counter market (both types of traders
have inaccurate information). Since learning incentive is a dominant incentive for uninformed
traders, there is no equilibrium where only informed traders enter the over-the-counter market.

Endogenizing the market choice, the over-the-counter market will attract either the unin-
formed or both.'® Furthermore, traders in the over-the-counter market always trade with the
same-type counterparty. The non-existence of matching between informed and uninformed at-

tributes to aggravating information asymmetry in over-the-counter markets. With a random

13 The conventional wisdom that informed traders are more likely to trade in the over-the-counter market for
keeping their private information from the public. Since this model considers only a static trading, such privacy
incentive does not exist. The incentives to trade in the over-the-counter market due to the heterogeneity across
traders is a separate effect. In dynamic models, I expect that the privacy incentives interact with the effects of
heterogeneities.
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Figure 5.2: Endogenous Market Structure: The z-axis is the noise variance of uninformed traders while
the y-axis is of informed traders. o2, = 0.25,02, = 0.75 and min;; p;; = —1.

match mechanism, information can be transmitted from the informed to the uninformed trader
when they met and thus information asymmetry disappears or diminishes over time. How-
ever, when traders choose their own counterparty based on information precision, the informed
traders do not want to be matched with uninformed traders. Information is shared only within
each type, and the asymmetry between types increases after trades take place. Consequently,

the informational inefficiency by allowing an over-the-counter market into the economy.

6 Discussion

CONNECTION TO MARKETS. I show that an over-the-counter market opens when the size
of the centralized market is small, the asset values are closer to idiosyncratic than common,
and private information of traders is less precise. Many financial derivatives such as forwards
contracts, interest rate swaps, or equity or credit linked securities are traded in over-the-counter
markets, even though their trading volumes (liquidity) are large. When these products are
required to be held by traders until the maturity, it suggests that the purpose of trading can be
hedging of traders’ outside portfolios. This paper suggests that idiosyncratically valued assets
tend to be traded in the over-the-counter markets. On the other hand, centralized markets
attract assets traded mostly by speculators, such as stocks or bonds with short maturity, which
are valued by future prices that are common to all traders. High-yield bonds that have low credit
ranking are often traded in the over-the-counter markets (e.g., Hendershott and Madhavan
(2015)). The volatile return prevents the traders’ access to quality information and hence the
information precision is low. This is consistent with this paper’s prediction that low information

precision encourages traders to choose over-the-counter markets.

ALTERNATIVE OVER-THE-COUNTER DESIGNS. [ have endogenized centralized and over-

the-counter markets assuming their prices and allocations based on an uniform-price double
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auction. This allows us to focus on the effects of the characteristics of market, asset, or traders,
rather than the difference between mechanisms. With random matching, searching with fric-
tions, or other mechanisms in literature introduced in over-the-counter markets, the effects in
this paper continue to be present. For instance, suppose that the over-the-counter market is op-
erated by random matching instead of traders’ counterparty choice. Traders’ expected utilities
in the over-the-counter market would strengthen the effect of the asymmetric interdependence
of traders’ asset values and heterogeneous information precisions. Uninformed traders have
a chance to meet an informed traders and to learn more precise information, while informed
traders’ liquidity can be improved with a higher chance of meeting uninformed counterparty.
Introducing random matching mechanism in the over-the-counter market does not affect the
endogenous market structure qualitatively, but it can increase traders’ incentive to enter the
over-the-counter market when the heterogeneity across traders is present. Exogenous frictions
in the over-the-counter markets - a probability that a trader does not trade, cost of waiting,
etc. - can decrease traders’ incentive to trade in over-the-counter markets.

In this paper, traders’ individual market choice occurs ex-ante, in that traders choose where
to trade before their private information is realized. This model is appropriate when traders’
individual asset values 6; contains future returns of the asset in the markets and/or future
returns of traders’ individual portfolios, as interpreted in Section 2. The future returns from
certain assets are often unobservable or costly to observe to those who are not in the market in
order to keep market participants privacy. If the traders asset values or their private information
are interdependent by other sources - for example, traders’ endowments before markets, pre-
trades, macroeconomic information, cheap talk, etc. - the model may incorporate interim
market choice, in that, traders choose a market to participate in after they observe the private
information. Interim market choice increases the dimension of heterogeneity, in addition to the
correlation structure and information precision. A trader whose realized signal is high can be
more attracted to the over-the-counter market since the difference between asset values and
price, |E[0;|s;, p| — pl|, is larger in a bilateral trades. '* The additional heterogeneity of realized
private information with interim market choice influence equilibrium distribution of traders’
types in each market and the distribution of equilibrium prices, but the trade-off between

learning and liquidity for each trader continues to shape trader’s incentives.

Boyarchenko, Lucca, and Veldkamp (2015) study the effect of realized private signals in market structure
in a different market mechanism from this paper. They consider an inter-dealer market and dealer-customer
market. Traders face a choice to be either a dealer or a customer. They show that traders who have a high
private signal choose to trade directly in the inter-dealer market to keep their information private. Although
the conjecture on the interim market choice in my model is related to the intuitions in Boyarchenko, Lucca, and
Veldkamp (2015), the determinants for main results are different. In their paper, traders reveal their private
information truthfully to the dealers, and thus, there is no learning incentive in over-the-counter markets. This
paper considers traders’ learning on the values due to demand schedule conditioning on equilibrium prices.
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A  Proofs

Proof of Proposition 1 (Equilibrium Representation in a Market). For a given price
impact \; > 0 and inference E[0;|s;, p| = cg i E[0i] + cs ;i + ¢p.p, trader i’s first order condition

gives his best response, i.e. demand schedule.

o Elb;|si,p| — p _ o E0;] 4 csi5i — (1 — cpi)p
e wVar(6;|s;,p) + \i pVar(0s]si, p) + Ai

With positive price impacts, the second order condition holds for all ¢:
—uVar(b;|s;,p) — 2\ < 0.

The market clearing condition ), ¢;(-) = 0 determines equilibrium price from the demand

function.

_ 1 —cp 1 coi (0] + csisi
b= (Z uVar(0;|s;, p) + )\Z-) Z wVar(0:|s:;,p) + \i

i i
Since the price is a linear function of traders’ private information {s;};, it follows a normal
distribution as well as the signals. This Gaussian-linear structure allows us to use the Pro-
jection Theorem in order to derive traders’ conditional expectation on asset value. First, the
unconditional expectation of price is equal to E[f;] which is same across traders. It results in

Coi + s+ ¢p; = 1 for any i. The inference coefficient {c;;, c,;} is

Csi o
Cp,i

and the conditional variance of 6; over (s;,p) is

Var(s;) Cov(si,p) ]_1 (7)

Cov(si,p)  Var(p)

Cov(0;, s;)
COU(HZ'?p) ’

Var(0;|si,p) = Var(6;) — COU(G"’S")]. Var(s;) COU(Si,p)]

Cov(6;,p) Cov(s;,p)  Var(p)
= Var(0;) — (Cov(0;, s;)csi + Cov(0i,p)cpi).

Cov(6;, s;)
Cov(6;,p)

We denote 0 = o?_/o3, the relative variance of noise in private information compared to

variance of asset values. By plugging the following variance and covariance of (s;,p) into

equation (7),

1-— Cp,i Cs,i

Var(p) = (3 VarGils. o) T >\z‘)2<,uva7”(@i’3i’p> n >\> (

i

Cs,i

uVar(b;)s:, p) + A)

o33 + diag(a2.)s) (

1-— Cp,i

C iwP) = - Caid A e2p;; -
ov(si,p) (Z uVar(0;]s;,p) + >\i) (,uVar(@ilsi,p) + >\Z‘>i (Jopj + ik )j’

7
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we get a fixed point problem for the inference coeflicients {c;;, ¢},

Z ¢s,jCs k(Pjr+o2 Lj—k)—=cs,jCs kpij(Pik+07 Lizk)
. Bk (uVar(0;]s5,p)+2;)(pVar(O|sk,p)+Ax) .
Csi = 2 2 2 2 ) VZ, (8)
Z (1+0'i)Cs,jcs,k(ij“l‘o'jlj:k)_cs,jcs,k(Pij'i‘O'ili:j)(pik+0'i Lli—x)
gk (wVar(0;ls;j.p)+X;)(uVar(Ok|sk.p)+Ak)
D 1—cpi 3 (1+0?)es,jpij—cs,j(pij+07Li=;)
t uVar(0;]s:,p)+XN; 7 uVar(0;]s;,p)+X; .
y - ) - Vi. (9)
> (I407)cs,jCs,k (Pjkt05Li=k)—Cs,iCs,k (Pij+07 Li=j) (Pir+07 Lizk)
Jk (uVar(0;lsj,p)+X;)(1Var(Ok|sk,p)+Ax)

In addition, the price impacts are characterized by

1—cp; -1
A= J Vi 10
<; uVar(8;]s;,p) +/\j> T (10)

for a given inference coefficients {c, ;}; and the conditional variance of asset values,

1—c,; _ Cs.iPii .
Var(8;s;, p) = 2(1_ = Cp 2 : p.j 1 5,5 Pij ) Vi, (11
a?“( ‘8 7p) 00 C s Cp, ( - uvar(9]’8J7p) + )\j) ; MVGT(9j|SJ,p) + )\J 5 ] ( )

Equations (8) - (11) solves {cs.i, ¢pis Ai, Var(6;]s;, p) }i, and thus, characterizes equilibrium.

With the equilibrium characterization, a trader’s indirect interim utility is

Elu;lsi,p| = —exp ( — 1(—pq; + E[b;|s;, plg; — gVaT(elsi,p)Q?)>

pVar(0]si, p) + 2\ Y
(uVar(0;|si, p) + )\i)Q(E[MS“p] P) )>’

= —eXp(—u(2

while his ex-ante utility is

uVar(0]s;, p) + 2\
(MV&T(9i|Si,p) + >\z>

Blu) = B[ = exp (= u(; S(Eilsi bl - p))]

Considering that the difference of individual expected asset value from equilibrium price,
(E[0;|s:, p]—p), follows a normal distribution that is generated by Gaussian structure of {6;, s; },,
the expectation on the right hand side of the above equation is in form of the moment gen-

erating function for x3 distribution. It provides an explicit formula for the ex-ante indirect
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utility:

wVar(0|s;,p) + 2\
(1Var(b;]si, p) + )

uVar(0]s;,p) + 2\
P ( - ’u(2(uVar(9i]si,p) )

wVar(Q|s;,p) + 2\
- M(Q(MVar(9i|5i7p> + )\i)2Var(E[¢9¢\si,p] B p))})

Mvar(elsiap) + 2)\Z —1/2
( i MQ(MVar(9i|8i;p)+/\i)2var< [Bils:. p] p))

BlB[ulsip]] = E|—exp (=i 5 (Blbilsi,p] ~ p)?))|

sVar(E[0:]si, p] — P)X%ﬂ)}

—-1/2

I
&5
|
@
%

We introduce a measure for the ex-ante utility. For each ¢,

I 1) = u(pVar(0|s;, p) + 2\;)

= (F Y T uar@sap) 1 ae o ELs B =)

The ex-ante utility is strictly increasing and strictly concave in 7,. m

Proof of Proposition 2 (Benefits of Learning and Liquidity). In equilibrium for a
given market, subject to existence, the ex-ante indirect utility of a trader ¢ is strictly increasing

and strictly concave in the following measure:

1+ 2X; Var(E[6;]s:,p] — p)
(1 + ;\\1)2 Var(9i|si,p)

€= p(pVar(0]si, p) +2X\)
" (uVar(0ilsi,p) + \i)?

Var(E[0i|si, p] — p) =

Intuitively, more negative asset correlation increases the variance of difference between individ-
ual asset value and price, Var(E[6;|s;, p] — p); the higher information precision of other traders,
on average, improves trader i’s learning from price so that decreases Var(6;|s;, p); and the larger
market size decreases price impact A\;. Suppose that the correlation of traders’ asset values and
information precision is symmetric across traders: when the average correlation is defined by
pi = (m)—ll_il i mpﬁ for each i and o} = o7_/o; for each i, the
symmetric market assumes p; = p and 02 = o2 for all 7. In general, the inference coefficients

are
1 Cs,j 2 2 - Cs,i 2= 2 =
P -1 Z#i((u‘/ar(ejlgj,p)ﬂj)) (1+05+ (I —1)p;) - <;1,Var(9i\si,p)+)\_i) pi(1+0i+ (I —1)p;)
’ (I +0)) 5 X inram s )2+ 07 + (= 1)5) = Grarg agr) 2oL+ 0 + (T = 1)py)
1—c i 1 Cs,i = 2
Cpi = (MVW(HHQ,ZJ)-*‘)\:‘ ™ >\_z) iVar(@isip)+x i
" I+ 0)) 5 Zinram s 2+ 07 + (= 1)5) = Grag g 2ei(L+ 0 + (T = 1)py)
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In symmetric markets, for each 1,

1—p Ipo?
Csi = 75 Cpi = — — — )
o l4oi—p " (1 =p)(1+ 02+ (I~ 1)p) + po?

\ = (Z 1—c¢p, )—1 ~ uVar(0ilsi, p)
LN wVar(Ols;,p) N/ T=20

Furthermore, the inference coefficients characterize the learning effect in expected utility.

Var(Ei]si,p] — p) = (c2,05(1 +07) + (1 = ¢0)*Var(p) — 2¢5,:(1 — ¢,1)Cov(si, p))

= G+ o)+ (L= (L )Y ooyt + 0Tt
O\ ' e wVar(0;)s:,p) + \; j’k (uVar(b;]s:,p) + Nj)(uVar(6;]s:, p) + A;)

1—c¢,; _ Cs '(pi'+g'21'=i>
9 » 1— ; Py 1 »J J [ )
il = &) uVar(Gilsi,p)vL)\z-) ;/LV@T(GHSJ';P)JF)\J')

i

i

) 5 9 1—cp. _9 cs,jCs,k (Pjkto3 1 =k)
( Cs,i(l +07) + (1= i) (X m) Zj,k (uvar(ej|si,p)+Aj)(uv7ar(9j|si,p)+,\j)
4 , g 1y esylpitoily=i)
Var(E[9;]si,p] —p) _ —265i(L — ) (i wwar@memin) | 2 iarldls; 21y
e - T—cpj 1 Cs i Pig
Var(bs|si,p) I —csi— Cp,i(zj Wspjfm“j) Zj W

In symmetric market, these equations are simplified into

-1
VW(E[QA&AP] —p) = 0303 T

(1+0*—p).

The above characterization for the symmetric markets provides the following comparative stat-

ics of the three characteristics (i) the market size, (ii) the average correlation p;, and (iii)
information precision ¢; = 1/0?: The liquidity effect on utility is captured by the term %
With this closed-form solution of inference parameters and price impact,

1+ 2); P X P _( (1+0*=p)(1+ (I —1)p) )2
(1+ A)? 14\ I-DA-pL+o>+(T—1)p)/

The liquidity term increases as I increases or p decreases.

9 142\ _ N o 1402—p o2+ (1+(I—1)p)? -
oI (14+X)2 14Xx L1=p (I-12(1+02+(—-1)p)?

Larger market size and/or more negative correlation with others on average results in more

liquidity, and thus higher utility for traders. When the information precision ¢ = 1/0? increases,
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the endogenous liquidity of the market increases if p > 0, and decreases if p < 0.

9 142 N (L+(I-Dp Ip
002 (11+2)2  1+xT-1D1-p)(1+c2+(T-1)p)?

The effect of learning from the price on utility is measured by

Var(E[0i|s;,p) —p)  I—1 (1—p)2*(1+0>+(I—1)p

p)
Var(0;|s;, p) I o?o?+ (1=p)(1+ (I —1)p)’

which is increasing in information precision ¢ = 1/02. The effect of average correlation p is
ambiguous. The utility component due to learning is decreasing with respect to p, if and only
if, 1+0%)+ (2 =3)(1+c¥)p+ (I =3) I —1)p? — (I —1)?p* > 0.

In asymmetric markets, we can heuristically explore influences of the three characteristics
on trader i’s expected utility E[u;]. We impose another simplicity on information precision:
032- = o2, for any j # i. It implies that all other traders j # i except for trader ¢ have symmetric

strategy. This assumption is to make the derivation simpler, but it does not affect conclusions.

5= 1 uVar(0_;s_;,p) + A
I -1 =) pVar(bilsi,p)
Csj= ——5—— Cpi = — — —.
’ 1+02—p; P, (1—p)1+024+ (I —1)p;) + pio? i

Var(E[0;|s;,p] —p) ciiVar(si) +(1- cpﬂ-)QVar( ) — 2¢s,i(1 — ¢pi)Cov(si, p)

. . - 1—c 1 Cs,iPij .
Var(8ilsi, p) L= csi = i) avar@ o prin )~ 205 avar@sls, p7T%

(12)

(i) Market size, equivalently, the number of traders I: Suppose that p; and o?

are fixed.
We can see that I affects utility only through the normalized price impact Xz and the inference
coefficient on price ¢,,. As I increases, /):, decreases and |c, ;| increases for sufficiently large I.
The liquidity effect in utility, (1 + 2/)\\Z) /(14 /):i)z, increases by the decrease of Ni. The learning
effect in equation (12) increases when p; > 0 and decreases when p; < 0. With sufficiently
symmetric market, the effect of liquidity dominates the learning effect, so that the expected
utility E|u;] increases in the market size I.

(ii) Average correlation p; = p: As more negative correlation p;, i.e., as p; decreases, the
inference coefficient on private information ¢, ; decreases and the absolute value of the coefficient

on price |c,;| increases:

Ocpi _ o¥(1+ 0%+ (I - 1)) L2k
O (L—p)(L+0?+ (I —Dp) +pio)? A,

It implies that the price impact A; and the conditional variance Var(6;]s;,p) both decrease. In
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addition, it increases Var(E|0;|s;, p| — p) by decreasing Cov(s;,p). Hence, the more negative
correlation p increases both liquidity and learning effects and thus increases traders’ expected
utility.

(iii) Information precision o2, of other traders: as the information precision 1/0?; increases
(i.e., 02, decreases), trader j # i’s inference coefficient on private information cs_; increases

and the absolute value of the coefficient on price |c, ;| decreases.

Dy i _ p(1—p)(1+ (I —1)p) 1+23

do%;,  (L=p)(1+o2,+ (I =1)p)+po%)? A
It makes \; decreasing if p_; > 0 and increasing /)\\Z otherwise. Hence, the liquidity effect of
trader 4’s utility changes depending on the correlation of other traders: as o2, decreases, the
liquidity effect (1 + 2/)\\1) /(1 + /):Z)Z increases when p_; > 0 and decreases when p_; > 0. The
learning effect in trader ¢’s utility is increasing in other traders’ information precision by the
decrease of Var(6;|s;,p). The liquidity and learning can create a trade-off with respect to

others’ information precision. m

Proof of Theorem 1 (Endogenous Market Structure). This proof is under the condition
that equilibrium exists. Suppose that only a centralized market opens in equilibrium but no
over-the-counter market does. Since no trader has an incentive to switch his market choice to
the over-the-counter market, his expected utilities E[u{*;all in CM], when all traders are in
the centralized market, is higher than a potential utility in the over-the-counter market. The
potential utility in the over-the-counter market E[u;; OTC(i,j)] is pair-specific, i.e., it depends
on the pair (i,7). A sufficient and necessary condition on the endogenous market structure
consists of only the centralized market is that there is no trader who has a positive incentive to
deviate to the over-the-counter market with his best counterparty. This condition is equivalent
to that the utility in centralized market is higher than the maximum utility trader ¢ would get

in over-the-counter market:
EufM;all in CM] > max Elu;; OTC(i,7)], Vi.
JF

Under the symmetry assumption, ﬁ > iziPij=pand ¢, =¢ =1 /o2 for all 4, the equilibrium
utility in each market is characterized as follows. Suppose that o = o./0y. In the centralized

market,

. 1—p . I(l—cp)ﬁ<72 B Ipo?

U l402—-p P A-p(+a2+ (I -1)p) (A+o2=p) 1+ —-1)p)
3 A 3 I+ =Dp)(1+0>—p)

YT wWar@ilsip)  T=2) 0+ o)+ (I—12+1-2(1 - 1)1 +0%))p— (I - (I —2)5*
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~ 1+0?)+ (I —-2)p—(I—-1)p* , ~ 1-p?2 I-1,
V s, p) = i Var(El0;s,p] —p) = .
ar(6;|si, ) Q1o+ I—D)p) (1107 =7) o2, Var(E[b;|si,p] — p) 10?5 1 o

From these equilibrium variables, the equilibrium utility is characterized by

e = 1 _1):(1—1)2(1—/))(1+0+(1—1)ﬁ) (1+0*=p*(A+({ —1)p)?
B (I =DIo*(1+02+ (I =1)p)((L+0%) + (I =2)p— (I - 1)p?)

On the other hand, the over-the-counter market provides the equilibrium characterization with
the following endogenous parameters:

o — L — pij o = I(1— Cp)/)ij02 _ 2)%'02
Tl o2y T =)Aot +py) (L4002 = py)(1+py)
T _ Ai _ (L4 py)(L+ 0% = pyj)
pVar(0;|si, p) —20%py; ,
- 1+ o’ — 12 . 1— p;: 2
Var(0;]si, p) = Pi 0% Var(El6ilsipl —p) = el Lo

(I+02)2—p5 < 1+02—p;2 %

From these equilibrium variables, the equilibrium utility is characterized by

gote = ( L 1) = (L= pig)*(L+ 02 + pij)* = (1 + 0% — py;)*(1 + pyg)*
' Elug]? 202(1 4 0% + py)(1 + 0 — pF)) '

Comparing the equilibrium utility in two markets,

€OM 5 (OTC 1+ 2Xfm Var(E[0;]s;,p] — p) - 1+ 2/):;?’50 Var(E[6;]si, ;] — p)

(1+xem)2 Var(0]si, pem) (1+xete)2 Var(f]si, s)
(-1 =p)*(A+0? + (I - 1)p)* = (140> =p)*(L+ (T =1)p)* _ (1= pyy)*(1+ 0%+ piy)* = (1 + 0% = py)*(
(I=DI1+0*+ I -1)p)((1+02)+ T =2)p—- (I —-1)p?) 2(1+ 02 + pij) (1 + 0 — p)
Here, without loss of generality, the correlations between asset values (él)Z can be written by
p= fj > and p;; = minj; Corr(0;,0;) =25 — 1 = a2—+iv

(=120 = PP +1+ (T = V5P = (0 + 1= pP(1+ (L= 1)) _ (20— p)*(0* +20)* = (0> +2(1 = p)*(2
T-DI@ 1+ I - p)e®+ (1 - )1+ —1)p)) 2o+ 2 A=)

The inequality can be rewritten as

K+ KT (P 1o 4 2P0 P 2970 2P~ AT D(0 +yPE o
(7= 1)(0? + 2)2(0% + y)? + 25%(07 + 22 — (41(I — 1)(0? + y)°7?) =

1-p <

where K = (I —1)I2*(6%+y)? — (02 +2)%y?) > 0, L = (I = 1)12*(0? +y)? — 2(0? + 2)?y?) > 0,
y=1+(—1)p>0,and z = 2p < 1. It shows that the sufficient and necessary condition on
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Eluf™;all in CM] > max;; Elu; OTC(i, )] is

2
%:1—ﬁ<%(02)
acv+0iv

o2

In addition, the inequality (13) can be also written in terms of signal variance o = g o

2 _ —2K + /2K2 + L(I2 — 1)(02 + 2)%(02 + y)? + 2¢2(02 + 2)% — (4I(I — 1)(02 + y)22?) 1

(I =1)Iz2(0® +y)* = 2(0? + 2)%?) ¢(02, + o3,

g

Hence, traders choose the centralized market if and only if the information precision satisfies

1 o’ +o? A
cv v 2 2
O = — = ——= > ¢(05,,05,2%).
? 0—52 0_2 ( cvr ) )
2
The over-the-counter market is chosen by a trader if these inequalities are violated, i.e., 02”;”02 >
cv v

i(0?) and ¢; < ¢(02,02,%). The proof is complete for symmetric markets.

With asymmetric traders, the equilibrium utility in each market is characterized as follows.

In the centralized market:

1 Cs,j — Cs, g — —
Gt 05+ U= D) — Gragiore) s+ or + (- Dpg)
CI 1 Cs,j —~ Cs,i = =\’

(L4075 2 Grar oy (L 05 + (= Dp)) = Grarigr )22+ 0f + (1 = 1)py)

Cs,i

1 = 2
(ﬂ J E) nVar(0;|s;,p)+A; PiT;

1 Cs,j = Cs,i - —\
(L4 0) 75 2 Gar, oy (L 05 + (= Dp)) = Grarigrn )22+ 07 + (1 = 1)py)

Cp,i

Var(E[0;|s;,p] —p) = (Ciiag(l +02)+(1— cpﬁi)ZVar(p) —2¢5,(1 — cp,i)C’ov(si,p))

= o3((1+oh)+ (1 — ) > S LR > CuaCeklPin 0, 15-4)
0 \%s,i I3 ) i MV@T’(Qi'Si,p) + /\z o (,uVar(é’j|sz-,p) + /\j)(/,LV(IT(Qj|SZ‘,p) + )\])

1—c. . B C ~(p"+021':‘)
—2¢5;(1 —cpy i 1 VA Uil
il @ >(Z uVar(0;|s;,p) + )\i) ; pVar(0;]s;,p) + /\j)

i

1—cp,; -1
/\i — < P.J ) .
; MVCLT(@HSj,]?) + )‘j

1—cp, _ Cs.jPij
Var(0ilsi, p) = o5 (1 = coi — cpa E = ' =L '
CLT( |S p) 06( & y Cp7 ( MV@T(QAJ%,]?) T )\]) Z Mvar(ejys‘j,p) + )\J)

J J

gm = ( 1 ) = p(pVar(8]si, p) + 2Xi)
TOUOVEE T (Var(@lsip) + M)

On the other hand, the over-the-counter market provides the equilibrium characterization with

Var(E|[0:]s:, p] — p).
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the following endogenous parameters:

Cs,j 2 2 Cs,i 2 2
(e iamoy) 1+ 95 +0) = Gragimym) P+ 07 +7)

Cs,i Cs,j - N ’
(1 + U?)(W)Q(l + 032 + p) - (uVaT(Giléi,Sj)-F)\i)zp(l + 012 + p)

1 1 Cs,i 2
P : <>\_j + /\_1') uVar(0ilsi,s;)+Ai pdi' .
" 0 o) e P+ 9 4 0) ~ Graresye 2P+ 02 1 0)

Var(E[0;|si,p] — p) = (ciiag(l +02) + (1 — ¢,4)*Var(p) — 2c,,(1 — cp,i)Cov(si,p))

L - i Cs,jCs i +O'2-]_<:
= (o)) + (1 - )Y = gesrlpin+ o1i1)

—2
- uVar(0;|s;, p) + /\i) ]Zk (uVar(0;lsi,p) + X;)(uVar(0k| sk, p) + k)

~2e,i(1— ¢,)(S . Y
aall = na)( MVQT(9i|Si7p)+)\i) ;Mvar<9j|sj7p)+/\j)

i

(1407 — p?)s; + pois;
Var(Elbi]s:, s;] —p) = Var (= )
ar( [ |5 SJ] p) ar (1_‘_012)(1_’_0]2)_p2

o (1407 —p°)

\ = uVar(0;]s;, s;) + A,
A+ of(i+ %) 7

)

. _ 2
T—c, . Var(;|si, s;) = o

I ) _ p(pVar(0|s;, p) + 2X;)
E[U,l]Q (Hvar<01|sz>p) + )‘2)2

Comparing the equilibrium utility in two markets,

Var(El0i|si, p] — p)-

g = (

€OM 5, (OTC 1+ %Xgm Var(E[0:|s:,p] — p) - 1+ {)\\ftc Var(E[0;si, s;] — p)
' ’ (14 xem)2 Var(0ilsi, pem) (14 xete)2 Var(f]s;, s;)

If CM is worse than the minimum utility that a trader can get in OTC, in the sense
that Euf™;no one in CM] < min,, <o Elu; OTC(i,7)], for all traders. Remark that it is a
sufficient condition. When min;,, <o E[u; OTC(i,7)] < E[uf™] < max; Elu; OTC(i, )] for
some traders, it can result in the extreme market structure, such as only centralized market or

only over-the-counter market opens, depending on the over-the-counter matching outcome. m

Proof of Corollary 1 (OTC Existence with a Competitive CM). From the proof of
Theorem 1, the inequality (13) is a sufficient and necessary condition for a trader to prefer
the centralized market to the over-the-counter market. Taking the number of traders in the

centralized market I to infinity, the inequality is written as

(2(1 = p))*(0® +2p)* — (0® +2(1 — p))*(2p)°
2(0242p)(02+2p-2(1 —p)) ’

1-7)>
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and it is simplified into
0> 0% —(30%+2)p+ 2p°.

The inverse of this inequality is satisfied, so that the trader choose to enter to the over-the-

counter market rather than to the centralized market, if and only if

2 2 — 30?2 302+4+2)2—-802%2 1
PP S k. e VA C A Sl Ay (14
Ogv + Jiv 4 2
which is equivalent to o2 > %. The proof is complete. =

Proof of Corollary 2 (No Price Difference in OTC and CM). Suppose that traders’
asset values (f; = 0 + 6;) follow the distributions 6 ~ N (E[6],02,) and 8; ~ N (0,02 %) with

)’ Y cv

1 | -1 . . . . .
Y= T ] where 1 = (1)7/2x1/2 is a (% X %)—matrlx with all elements being one, as in
Example 1. In this model, the equilibrium price in the centralized market with a sufficiently

co E[0]+cs0
co+cCs
the idiosyncratic component (d;) is zero. On the other hand, the equilibrium price is determined

large number of traders is p.,, = % Yicr El0+0i|s:,p) = , since the average correlation of

in each over-the-counter matching between two traders whose correlation is Corr(d;,d;) = —1.
coB[0;]) +cs5(0+0;+ei+0+0;+¢j) cE[R]+cf ¢ .
Dote = : = = T te - +09 _: . ((0i+0;)+(eit¢€4)) = pem+(noise).

Hence, the price py. in each over-the-counter market follows a normal distribution with the
mean equal to the centralized market price p.,. It shows that there exists a model where the
over-the-counter and centralized market prices are same in expectation. Even in this case, a
trader choose to trade in the over-the-counter market if the relative variance of idiosyncratic

value component, satisfies the inequality (14). m

Tiv
2 2
001)+0iv

Proof of Theorem 2 (Coexistence of OTC and CM). Suppose that traders are symmetric
in the sense that the profile of correlation in each row is same and that the information precision
is same across traders (See Definition 2).

(i) With the symmetric correlation structure, a trader is matched with the counterparty
whose asset valuations has the minimum correlation, i.e., the over-the-counter matching (i, j)
occurs such that Corr(éi, éj) = mingy; Corr(éi, ék) = Pmin, Upon traders i and j’s participation
in the over-the-counter market. It can be shown as a contradiction on the symmetricity of
traders. Suppose that there is an over-the-counter matching (i, 7) such that Corr(6;,6;) > pmin.
Since the profile of correlations are same across traders, there exists another trader k # i, j who
has the minimum correlation with trader i, Corr(éi, ék) = pPmin- Uf trader k’s current matching in
the over-the-counter market is not with the minimum correlation, traders ¢ and k have a positive
incentive to deviate from their current matchings, and thus the current matchings are not pair-

wise stable. Therefore, trader k’s current matching (k, 1) has to be such that C’orr(ék, él) = Dmin-
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It implies that trader k& has two other traders i and [ that provides the minimum correlation
Pmin. By the symmetry, the profile of correlations of trader i, {Corr(6;,0,,)}im, contains two
Or MOTe pPrin, in that there exists another trader m # 4,7, k such that C’orr(éi,ém) = Pmin-
With the same argument, the current matching for trader m has the minimum correlation,
while implies that there are three or more p,,; in the correlation profile. Recursively, the
symmetricity of traders and pair-wise stable matching concludes that all pairs of traders have
Corr(éi, 0~]) = Pmin, Which is a contradiction to the assumption that there exists (7, j)-match

with Corr(éi,éj) > pmin- Therefore, all over-the-counter matching in equilibrium satisfies

C’orr(éi, éj) = ming; C’orr(@}, ék) = Pmin, V(i,7).
(ii) By the part (i), the utility comparison between centralized and over-the-counter market

is same for all traders. More formally, pfi¢

and p“" in two markets, and thus, the difference
of these two correlations are fixed and symmetric for all traders. With the fixed correlation
difference and the symmetric information precision, the incentive to enter either market is deter-
mined only by the different market size between the over-the-counter (N = 2) and centralized
(L + I) markets. Suppose that a trader ¢ who is currently in the over-the-counter market has
a profitable deviation to the centralized market. After trader ¢’s deviation, the market size in
the centralized market increases. With the fixed correlation difference, the incentive to deviate
from the over-the-counter to centralized market for other traders j # ¢ with m; = OTC, i.e.
for those who are currently in the over-the-counter market, is even stronger than the trader
. Applying this argument recursively, all traders choose the centralized market with endoge-
nized market choice. The opposite direction of deviation also concludes that if there exists a
trader who is currently in the centralized market and has a strictly positive incentive to deviate
to the over-the-counter market, then all traders have the same incentive by the symmetricity.
Therefore, it completes the proof for that the endogenous distribution of traders in the over-
the-counter and centralized market has a corner solution if traders are symmetric. Equivalently,

it concludes that two trading venues coexist only if traders are asymmetric. m

Proof of Proposition 3 (OTC Matching with Heterogeneous Correlations). The
pair-wise stable over-the-counter matching is determined by the following algorithm: (i) Upon
traders’ entry to the over-the-counter market, two traders, who have the most negative corre-
lation among all pairs, are matched: we call this pair (i1,71). (ii) If there are multiple pairs
that have the most negative correlation, select one pair randomly. (iii) Eliminating the selected
traders, select the most negative correlation among the remaining paper and create another pair:
called (is,j2). (iv) Repeating this procedure until there is at most one remaining trader in the
over-the-counter market, and then the over-the-counter matching is determined { (i, ji) }r=12....-

It suffices to show that the matching {(is, j¢) }+=12.. from this algorithm is pairwise sta-
ble. Suppose that there exists two traders who have a strictly positive incentive to deviate
from their current matching and create their own matching. Formally, there exists i, and js,
for some t < s, such that Elu,,; OTC, (ir,js)] > Elu,,; OTC, (i, ;)] and Efu;,; OTC, (i, js)] >

T
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Elu;,; OTC, (is, js)|. From Proposition 2, it implies that Corr (i, js) < Corr(it, ji) and Corr (i, js) <

Corr(is, js), since traders are symmetric in information precision and any bilateral trade has
the equal market size N = 2. It is a contradiction to the algorithm: at the step (i) for ¢, the
matching at ¢ is created between (i, j;), and hence, Corr (i, j;) < Corr(i, js) for any s > t. It
is contradicted to the assumption that trader ¢; has a profitable deviation by having another

counterparty js, Corr(iy, js) < Corr(ig, j;). The proof is complete. m

Proof of Proposition 4 (Trade-Off in Learning and Price Impact over Precision).
First, we characterize the equilibrium in a given over-the-counter bilateral matching between
two traders ¢ and j. Here, the correlation between two traders’ asset values are p and information

precision is ¢; = 1/07 and ¢; = 1/ 0'32».

1—cpi 1—cp,j 2
L I2(1+02+p)—p(l+o?+p) L (T2 + =221 po;
Y (4ol + ol +p)—p(l+oi+p) P (L4 o)FA+ 07 +p) = p(1+ 07+ p)’
where I'; = quzr(B Isj Y /,LLV(ZT(chls:,p — and I'; = 1/T";. Moreover,

(1+02)+T2(1+ 2)+2Fl-p_2 (1+02)+Tip
(1+1 cpjcbzr) (1+1 cpjcézl—‘)

1—cp,i cs,j 1—cp,i cs,j

Var(E[6;]s:,p) — p) = o5¢2, (1 + 07) +

):

_ wVar(¥ls;p) +; 5 _ Var(Bls;p) 1+ Var(6,|si,p) = o2 oi(1+07 —p%)

1 —¢p, I Var(0|si,p) 1 —cp; 9(1+‘7z‘2)(1+0j2') —p

The equilibrium utility is derived as follows:

i) — 1 - 1+ 2\ Var(E[6;|s:,p] — p)
R ey A A TR W T X P

By taking a derivative of equilibrium utility of trader ¢ with respect to the information precision
¢; of trader j, the optimal counterparty ¢; = 1/(032-)* = argmaxy _y . &i(1,7) of trader 7 is

determined by the first-order condition.

0 1+2\ )VaT(E[0i|si,p] - D) 1+ 2\ ( 0 Var(E[0;]s;, p] —p)) 0
8032' (1+ 5\1)2 Var(0;|si, p) (1+ 5\1)2 30]2- Var(0;|s;:,p) '

(

Here, the partial derivatives of liquidity and learning effect with respect to the counterparty j's
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noise variance 0]2- satisfy the following equations.

0 1+2) =2 a V(8]s;,p)(1 — cm)+1
o2 (14+M)2 (14 X0)390% (1—cpa)(1—cpy) —
R oV (0;]s;, Ocp.i dcyp, acp]
Y 44%¥£41f%o«1f%»a—vm>fn+—%;u—cm>+5gxl ep) +V(05155,9) 52 (1= 6.0 + 1
INCESWE (L =cpi)(1 = cpj) — 1)?
oVar S oVar s
0 Var(E[;|s:,p] — p) = (E('[)i‘ ! Var(0i]si,p) — Dol rept gzl p)VW( E0;|s;,p] — p)
do?  Var(Oilsi,p) (Var(0s]si,p))?
0 (( +o7)(1+03)—p* , 2(1‘*“7@2)(%?{%’;)2—201 ?JZ:,;‘F(l‘*‘UJQ'))
C 002\ o}l+oi-p?) 7 (14 o2 Lty )2 ’
hore Qg _ RSB0l gy, CEE R (ot o) —pl14)
where 32 = mammr e O et = T (@retare i < O
oVar(0;lsi,p) 2 (1407 —p) BVar(E[9 \s“p} p) _ 1
BO'JQ- — 0-9 ((1-‘,—0’?)(1“"0’%)_[)2)2 > 07 and 60’ — (1+11 ZZZE:;FI)Q > O Hen()e,
8 1+2)

= > 0 so that the liquidity effect of trader ¢ decreases as the precision of trader j

905 (1+X;)2
. . . . . “y Var(E[0:|si,p]—
increases (i.e., the noise variance o3 of trader j decreases). In addition, %W <0
]' 2 2.
i Var(Bloilsorlp) ;
Var(0;|si,p)

sufficiently small. Under this condition, the learning effect i increases in the precision of the

is sufficiently large, in the sense that the precision of both traders ¢ and j is

other trader j. This proves the trade-off between liquidity and learning effects with respect to

the counterparty j’s information precision ¢;.

Lemma 1 There is no over-the-counter matching between two players who have positively cor-
related asset values. In that, if Corr(éi, 0~j) = po > 0, then neither of trader i nor j choose the

other as his counterparty.

Proof. What we want to prove is that there is no equilibrium in the bilateral trade. From
the assumption that no equilibrium leads to no trade, the incentive to choose the other as a

counterparty is zero. The equilibrium price is

11— Cp1 1— Cp2> - ( Cs151 Cs252 Co1 Co2 )
t = + + + + 0] .
y <M+M PES Y N VS VS B VRS R ¥

Therefore, the equilibrium price impact is characterized by

p+ /\ N(Q - Cpi)
L= ¢y (1_Cpi)(1_cpj) —1

The characterization implies that the positivity condition for price impact \; > 0,7 = 1,2

Ai =

> 0, i#7€{l,2}.

implies that ¢,; < 1 for both ¢« = 1,2. By the projection theorem, the endogenous coefficients

(Csis Cpiy Coiy Ni)i=1,2 are the fixed-point solution of the following system of equations: with ¢y +
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Cpi + co; = ]-7

Cosi o2 . 2 1—cpi 1—cy; ;

()0 =+ 5 = %) (e + %) v

Cgi — LH_)\AJ o2 . ’ M+>\ ) cpi = . m o2 _“+ - o2 _9 I Z #j S {1’ 2}
G Z0 T %) - GE(+Z0+ G - )

From the further calculation, we get the following explicit solution'®

(1= p* +0})(1 = p* + 0}) — p’oio} 1—p?
Csi = =
(1—p2+03+ﬁji;pa)((1+0)(1+0) P 1= p2 40+ 5 po?
4pol(1+p+o7)
Cpi —
P (I=p?+0})A+p+0))+(A—=p>+0)(1+p+07)+2p07(1+p+03)
\ (I=p*+0)) A+ p+0)+ (A —=p*+0)1+p+07)+2p05 (14 p+07)
i = —H

2p{o7(1+p+0})+oi(1+p+07)}
{ 1 (1—p2)(2+2p+02+02) 0]2-(1—1—[)—1-02-2) }

2 2p{(1+ p)(c2 +02)+ 20703} o}(1+p+of)+oi(1+p+o07)

Here, the positivity condition for the price impacts, A\; > 0,; > 0, is equivalent to p < 0.
Hence, when two traders’ asset values have a non-negative correlation C’orr(éi, 6}) < 0, there

is no equilibrium. m

Proposition 6 (OTC matching equilibrium) The over-the-counter market is in form of

cross-type matching, if and only if

{o?1+p+02)+oi(l+p+0l)} (1+p+07)(1—p*+02)(L—2p03(1+ p+0}))?
A1+ p)H{(1 +07) (L +07) — p*}*(L — 2p07 (1 + p + 07))?
(1407)(L+2p07 (14p+07))? (1+0%)(L+2po? (1+p+07))?
[(1+p+o)){2(1+p+07) (1—pto7)+p(of —07)}]? T [@Fpro? H2(+p+07)(1—pto3)+p(oF—07)}]?
2p(L+2pU2(1+p+U N (LA+2po; (1+p+07))
- [(+ptoD){2(1+p+03) (1—p+02)+p(0? —02)}}[(1+p+a2){2(1+p+02)(1—p+af)+p(o§—a?)}]

z‘(l_P +‘7@')
T (A4p+o})2(l—p+oa})

X

Joralli# j, when L= (1—p*+07)1+p+0;)+(1—p*+03)(1+p+07).
Proof. The same-group matching gives a trader with o2 his expected utility as follows:

poi(1—p* +a?)
p(l+p+07)21—p+o7)

15As special cases, the above fixed-point problem provides that (a) in a symmetric case, cs = %,cp =

2pa” if o2 — 1 _ = =2
W, and that (b) if Us,j = 00, Cg; = W,cm =0 and Csj = O,Cp] = m
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(14p)(1—p+02) I oy . . e
T 0 T Tt In addition, the cross-group matching gives equilibrium

where A = —
utility as follows:

cross w4 2N 1 1\ 2 Csi g A+ Ai Csjo Csi [0+ N Csj
EluS R L N — 1 —1)%(1 - 2= .
= S (AﬁAj G o)+ () (4 o)) = 250 5

Hence, the condition for that the cross-group matching is the equilibrium in OTC,

E[ C’I“OSS] > E[ same]’ v 7/ 6 {Z?’L,’LL?’L},

’L

can be characterized with the equilibrium parameters of cross-type matching. When L =
(1=p*+07)1+p+03)+(1—p*+02)(1+p+o0}), the parameters {);, A;} have a closed form

solution.
p(L+p)(of —0oF) — L

p{af(l —|—p+0j) —i—aj(l —i—p—i—af)}'
This provides the closed-form solution of equilibrium utility in the cross-type matching, from
the following derivations.

pA2X = p

[t 2X 2p{0}(1+p+03)+ 071+ p+07)} (p(L+p)(0f —0F) — L)

20+ N2 u(2p0?(1+p+0?) — L)?

i_|_i _ _4p{oi2(l+p+a )+oi(1+p+o} )} L+p{02 1+p+02)—|—0i2(1+p+032-)})

Ai A (L +2p02(1+ p+07))(L +2p0?(1 4 p+03))

wF 2N 1 1\ (p(1+p)(c}—0?)—L) (L +2p03 (1 + p+07))*(L+2p07 (14 p+07))?
2(u+>\i)2<>\i+>\j) T (L- 2pa(1+p+a 28p {021+ p+02)+02(L+p+0d)} (L+p{o?(L+p+0?)+02(1+/
L+ Aics; —2p(1 = p*) {071+ p+07)+ 071+ p+0l)} (L—2p05(1+p+07))

XA (L +2p02 (1+p+0))[(1—p + 0L = 2p07 (1 + p+03)) + poi (L —2p03 (1 + p+07))]

Hence, we get

—p{oi(l+p+0)+2(l+p+0o))} (L+p+0})(1—p*+0) (L —2p02(1+ p+07))?
Ap(l+ p) (L + o) (1 +07) — p*}2(L — 2p0f (1 + p+ 0F))?
(1407)(L42p07 (14p+07))? (1+07)(L+2p0? (1+p+02))
& OFptod) 20 4ptof)(1—ptof) +o(of—o7)})2 T [@Fp+o? H2(L+p+07)(1—p+o3)+p(oF—07)}]?
2p(L+2p0% (1+p+0 ) (L+2p07 (14p+07))
- [(+proD){2(1+p+o?) (1—p+od)+p(o? 2)}}[(1+p+a2){2(1+p+az)(1—p+o§)+p(a?—a?)}]

E I:UQTOSS] —

1
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Cross

¢ross] subject to existence, is as follows:

The sufficient and necessary condition on E[u*"¢] < Eu

{o?(14+p+0)+a2(l+p+0d)} L+ p+0})(1—p*+02) (L —2p0%(1 + p+0}))?
AL+ p)H{(L + o) (L +03) — p2}2(L = 2p0 (L + p + 07F))?
(14+02)(L+2p02 (1+p+02))? N (14+02)(L+2p0? (1+p+02))?
[(A+pt+oi){2(0+pto3)(1—ptof)+p(of—02)}]? * [(1+pt+oi){2(1+p+07)(1—pto7)+p(oF—07)}]?
2p(L+2po? (1+p+07)) (L+2p0 7 (14+p+07))
 [(tpro)(2(t+p+02) (1—pto)+p(07 =0 [(1+p+02) {2(1+p+07) (1—p+o?)+p(0?—o2)}]

oZ(1—p* +0?)
(I+p+0)*1—p+o7)

X

Comparing the expected utilities E[uf*"¢] and E[u§ %] from same-type and cross-type match-
ing, the sufficient and necessary condition for over-the-counter matching to be between informed

and uninformed traders in equilibrium. m
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